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SA.1. Proofs.

SA.1.1. Proof of Lemma A.l. Lemma 4.2 of van der Vaart and van der Laan (2006)

implies that, on (I, u),

GCM[; ) (T 0 @7) = GCMy;  (LSC(T 0 @7)).
Since ®(x) € (I, u), we therefore have

0(x) = 0_GCMy ;) (T' 0 @7) 0 ®(x) = 9_GCM; ) (LSC(T' 0 @7)) 0 ®(x),
so Lemma 4.1 of van der Vaart and van der Laan (2006) implies that
O(x) >t <<= y" <P(x),

where

y* = maxargmax {ty — LSC(T o ®7)(y)}.
yellu]

Suppose y* € ®(I). Then y* = ®(z*), where

¥ =& (y*) € argmax {tP(x) — LSCq(T)(z)}.
ze€d— ([l,u])

In particular,
O(x) >t <<= Yy =P@@)<P(x) <= <P (P(x)),
where, in fact,

x* =max argmax {t®(x)—LSCs(I")(x)},
ze®— ([l,u])
because if
x* <2’ € argmax {t®(z) — LSCq(T)(z)},
€@~ ([l,u])
then, contradicting the definition of y*, we have
y' = ®(2') € argmax {ty — LSC(I' o ®7)(y) } and y >yt
ye(l,u]

The proof can therefore be completed by showing that y* € ®(I).

If ®(I) D [I,u], then there is nothing to show, so suppose ®(I) 2 [l,u]. If y € ®(I)°N[L, ul,
then, since ®(I) N [I,u] is closed and I, u € ®(I), we have [y —n,y +n] NP (I) = ) for some
n > 0 with [y — n,y + 7| C [l,u]. Therefore, the function LSC(I" o &) is constant on the
interval [y — n/2,y + n/2], implying in particular that

y* = max argmax {ty' —LSC(T'o @_)(y’)} #+y. O
y'€(l,u]

SA.1.2. Proof of Lemma A.2. G(v) is a Gaussian process with E[G (v)] = u(v) for all
v € R and Cov|[G(v),G(v")] = Cmin{|v|, [v'|}1(sign(v) = sign(v’)) =: K(v,v") for some
positive constant C' and for all v,v" € R. The form of the covariance kernel K implies that
for every 7 > 0 and every v,v’ € R,

K(vr,v't) = K(v,0")7
and

Kv+v,v+v") = 2K+ ,0") + K@, v') = K(v,v).
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In addition, K(1,1) > 0 and lim, o K£(1,v)/y/v =0.!

We begin by adapting the arguments of Kim and Pollard (1990, pp. 196-198) to show
that a maximizer of G(v) over v € R exists and is unique with probability one. Let
GH(v) = G(v) — p(v) be the centered process and suppose that, for the same ¢ > 1/2 as
in the hypothesis,

n
lim sup G (v)

|v| =00 ”U’

(SA.1) P

>77]:0 for any n > 0.

Then, with probability one, G(v) — —o0 as |v| — oo, implying in turn that a maximizer of
G(v) exists (because sample paths are continuous). Also, since

VIG((v) — GO =K(v,v) + K, 0") —2K(v,0 =0 ) =K(v —v',0 —2") >0
for v # v/, Lemma 2.6 of Kim and Pollard (1990) implies that this maximizer is unique with
probability one. In turn, (SA.1) follows from the Borel-Cantelli lemma because

o0

P
k=2

M e i
sup G (Z)) >nl < ZIP sup G*(v) > (k/2)°n
k—1<|v|<k v 2 LlvI<k

oo
=>» P |sup G¥*(v) > ]{:61/22077]
r—o |lvIst

ode/(2c-1) [ [SUP|v|§1 |G“(v)|4/(2c_1)} ~
A7) > k<o,
k=2

IA

where the equality uses the rescaling property K(vr,v'7) = 7K(v,v") and where the last
inequality uses Jain and Marcus (1978, Corollary 4.7).
To show continuity of the function z — Plargmax,cp{G(v)} < z], it suffices to show

that P[argmax,cr{G(v)} = 2] = 0 for every € R. Fix « € R and define G,(0) =0 and
To(0) = G(z+v) — G(x)
K(v,v)

) v#0.

Then max,cr @x (v) > 0 and, for any set V C R,

(SA.2) P [argmax{@(v)} = m] =P {max G(v) < 0] <P [max G, (v) < O} .
vER veER veEV

In the sequel, we show that the majorant in (SA.2) can be made arbitrarily small by choice of
V. In particular, for € € (0, 1), we construct v > 0 such that

£ -

(SA.3) E {@Z(vi)} > ¢ foreveryi>1,
and
(SA.4) ‘(Dov (@z(vg), @Avé)) ‘ <e foreveryj>i>1.

For any N € N, defining V. y = {v.,...,vY }, we therefore have

N

0 2
- - —22/2
max G, (v) < 0} <liminfIP [ max G, (v) < 0} < ’/ de =27 N
vER €l0 vEVe N —c0 2T

P

I'As a side note, if the covariance kernel satisfies the two displays, then the Gaussian process is two-sided
Brownian motion, up to mean shift and scaling by a positive constant.
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where the second inequality uses the fact that convergence of means and covariances of nor-
mal random vectors implies convergence in distribution. Since N is arbitrary, the left-hand
side in the preceding display is zero. Letting € € (0,1) be given, the proof can therefore be
completed by exhibiting v. satisfying (SA.3) and (SA.4).

Because K(7,7) = 7K(1,1) and lim, jo[p(x + 7) — p()]/+/7 = 0, there exists 7. € (0,1)
such that

B ()] = Mo D) _ e 7))/
K(r,7) K(L,1)

for every T € (0,7.]. Also, because K(7;,7;) = 7K (1,7;/7;) and lim, o K(1,7)/+/T =0,
there exists 7. € (0,1) such that

> —€

_ K(7i, 7) _ K 7/m)/v/7i/7i
\/]C(Ti,TZ‘)K:(Tj,Tj) K(1,1)

forall 7;, 7; > O with 7 /7; < 7. . If v. € (0,7.AT. ), then (SA.3) and (SA.4) are satisfied. [J

€ [—¢,¢]

Cov (@(n), GI(T]—))

SA.1.3. Technical Lemmas. In preparation for the proof of Theorem 1, this section
presents six technical lemmas. The first lemma is a switching lemma, which will be used
when characterizing the limiting distributions obtained in Theorem 1.

LEMMA SA-1. LetT :R — R be a lower semi-continuous function that is bounded from
below and satisfies lim|,|_,o I'(v)/|v| = oc. Then, for any x,t € R,

O_GCMg(T)(x) > ¢ = max argmax {vt — I'(v) } < x.
vER

PROOF. Because lim,|_o I'(v)/|v] = oo, there exists a K > [x| such that if |v] > K,
then vt — I'(v) < —I'(0), implying in particular that

argmax {vt — I'(v) } = argmax {vt — I'(v)}
veER vE[—e,c]

for every ¢ > K. Also, by Lemma A.1. of Sen, Banerjee and Woodroofe (2010) there exists

ac> K such that GCMg(T') = GCM|_. 4(T') on [~ K, K], implying in particular that
9-GCMg(I')(x) = 0-GCM_ ¢ (I") (x).

For any such ¢, the conclusion of the lemma is equivalent to the statement

0-GCM_. g(I')(x) > ¢ = max argmax {vt — ['(v) } <x,

vE[—c,c]

whose validity follows from Lemma 4.1 of van der Vaart and van der Laan (2006). ]

The proof of Theorem 1 furthermore employs various approximations to functionals of
the form LSCg(f). The approximations in question are obtained using Lemmas SA-2, SA-3,
SA-5, and SA-6. In all cases, the approximations are based on the representation

SA.S LSC =liminf inf N,
(SA.5) o(/)(@) =limint inf (2
where X§(z) = (8 (®(z) — ), @~ ((x))] U (@ (2 (x)+), 8~ ($(x) + ).

The following lemma uses (SA.5) and the special structure of I'y to obtain a simple

“global” bound on the error of the approximation LSCg(T'g) = I'o.
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LEMMA SA-2. Suppose Assumption A holds and suppose ® is non-decreasing and right-
continuous on 1. Then, for every x € I,

ILSCa(T0) () — To(a)] <2 (sup |eo<:c'>r> sup (') — Do(a’)].

z'el z'el
PROOF. By (SA.5) and continuity of I'g,
LSCq (o) (2) = min [[o(P~(P(2))), Lo(™ (D(2)+))] ,
while, by Assumption A,
Fola) = Tofe)] < ( sup 60(e")] ) 0la) ~ o)
x'el
Now, using o ®~ 0 ® =P,
[Do(7(2(2))) — Po(z)]| = [Po(P™ (P(2))) — (™ (R(x))) + () — Po(z)]

< 2sup [B(a) — Do(’)].
z'el

Also,

Do (®7(D(2)+)) — Po(z)| < 2:}2 |®(2') — Do(a'))]

because, for every 1 > 0,
0< @(27 (2(2)+)) — Po(x) < Po(2 (2(2) + 1)) — Po(z)

g%( (1) + smp 02" - o<x’>\+n>)—<bo<x>
(

x'el
scbo( = (@0(e) + 2 sup [0(a') — o<x’>\+n>)—@o<x>

z'el
<2sup]<I>x) )| +n,
z'el
where the last inequality uses continuity of ®. O

A simple “global” bound on the error of the approximation LSCg(f) ~ f is available also
in the important special case where f is proportional to ®.

LEMMA SA-3.  Suppose Assumption A holds and suppose ® is non-decreasing and right-
continuous on 1. Then, for every x € I and every 0 € R,

ILSCo(6)(2) — 0@ (x)[ < |6 sup |@(2") — (")

PROOF. First, if 8 > 0, then the result follows from the fact that, by (SA.5),
LSC (60) () = 0B(D (B(x))—) < 6B(D™ (B (x))) = 6(a),
where

P(x) = B2 (@(x)) < 2L7(2(x)-) + sup |2(a") —~ B(a')]

Next, if 6 < 0, then the result follows from the fact that, by (SA.5),
LSCy(62) () = 6(® (D (x)+)) < 02(D™ ((x))) = 60 (),



where
(07 (P(2)+)) < 1i%%nf¢(¢_(@(w) +n)-)+ sup |®(2") — ®(2'-))]
<®(x) + 2}161} |® () — ®(2'—)).

O]

Next, we give a “local” approximation to &~ o ®. That approximation will later be used in
combination with (SA.5) to obtain “local” approximations to LSCq(f), but the approxima-
tion is also useful in its own right and we therefore state it as a separate lemma.

LEMMA SA-4. Suppose Assumption A holds and suppose © is non-decreasing and right-
continuous on I. Also, suppose

25up,, ¢ ste | P(2) — Po(2)]
inf , _pote 0Dg(x")
for some 6,¢ > 0 with I;H‘G C I. Then, for every x € If,
|7 (P(x)) —z| <€ and |7 (®(x)+) — x| <e.

<€

PROOF. First, suppose |7 (®(z)) — x| > €. Then &~ (P(x)) < x — ¢, implying in partic-
ular that ®(z — €) = ®(z) and therefore also
[@(x — €) = Do(z — €)] — [(z) — Po(x)] = Po(z) — Po(x —€).
Now, if = € I?, then [z — ¢, ] C IT, s0
Oo(x) — Po(z —€) >€ inf OPy(z') >2 sup |P(z) — Po(a')],

:E’GI;H" $,€I;S+e
whereas
[[@(z —€) — Po(z —€)] — [®(x) — Po(x)]| <2 sup [@(2") — Po(2)].
/el T°

In other words, = ¢ I?.
Next, suppose |®~(®(z)+) — 2| > e. Then, for every n,n >0, &~ (®(z) +n) >x +€
and therefore

(x+e—n)— sup [0(a) = Ro())] —n < P(x) = sup [D(z]) — Do(a')],

:):’EIX‘HG IIGIE+5
where, for z € I;f,
B(z) — sup [(') — Bo(a')| < Do(a),

z/€[3+6
whereas
liminf |®(z +e—7n") — sup |®(z') — Pg(2')] —n
77777’~Ir0 x’EIX‘HC

> lim inf
n'L0

Do(x+e—1')—2 sup |P(a') - ‘1)0($/)|]

‘,EIGIE+5
25up, g+ [ P(2') — Po(a'))|

—n'| > ®o(z).
inf,, e 002’ 7] > @ol@)

> Pp(x) + ( inf 8@0(35’)> lim inf [e -
/€l T n'10

In other words, = ¢ I?. O
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Next, we obtain two “local” approximations to LSCq( f). The first of these is a generic ap-
proximation obtained by simply combining (SA.5) and Lemma SA-4, but for later reference
we state the result as a separate lemma.

LEMMA SA-5. Suppose the assumptions of Lemma SA-4 hold. Then, for every x € If
and every f: I — R,

inf f(2') <LSCo(f)(z) < sup f(a')

|z’ —z|<e |z’ —x|<e
and

ILSCo(f)(z) — f(2)| < sup [f(a’) = f(2)].

|z’ —x|<e

The final lemma is concerned with the special case where f is proportional to ®. In
that case, the following “local” analog of Lemma SA-3 shows that the bound(s) obtained
in Lemma SA-5 can be improved under mild conditions on .

LEMMA SA-6. Suppose the assumptions of Lemma SA-4 hold. Then, for every x € If
and every 0 € R,
ILSCq (0®)(x) — 0@ ()] < |0] sup |®(2') — P(2'—)]|.

CC’EI;;JFE

PROOF. First, if 6 > 0, then the result follows from the fact that, by (SA.5),
LSCo(09)(x) =0D(D™ (P(x))—) < OP(D™ (P(2))) = 0P(z),
where, if z € I2, then &~ (®(x)) € I3 by Lemma SA-4, and therefore
O(x) = B(27(P(2))) < (2 (R(2))—) + sup [®(2f) — (2'—)].

x'613+5

Next, if 6 < 0, then the result follows from the fact that, by (SA.5),
LSCq(60) () = 02(2™ (2(2)+)) < 02(D (R(x))) = 62(),
where, if z € I2, then &~ (®(x)+) € I2+¢ by Lemma SA-4, and therefore
<

O(O (P(x)+)) llnilan( “(D(x)+1n)-)+ ,81}35 |®(2') — ®(2' )|

<D(x)+ sup |D()) — D(a'—)].

x/elxt5+€

SA.1.4. Proof of Theorem 1.
Proof of (2). Lett e R be given. By Lemma A.1 and change of variables,
P (1 (B1,(x) — 0o(x)) > t}

=P |max argmax {[HO(X)—FtT;l]:I; (z) —LSCg (I'n
2€®y ([0,1,])

’1)
&
H,_/
A
&
(]
&

3
X

=P |max argmmH R(ust) < Z‘ln
veVd,

)




where

~

Vo, = {an(x X):ze &);([o,an])} :

A, (058) = LSCpy (G, + ML, + rabo ()L, ) (0) = [raflo() + 1L, (v),
and
73, =an [ci; 0 By (x) — x} ,
with
G0 (0) = v/t [T (x+ va,") = T(x) = To(x + vz ) + To(x)|
— Oo(x)/nan [@n(x Foasl) = B, (x) — Bo(x + varl) + ¢O(X)} :
My, (v) = v/nan [To(x+vay ") = To(x)] — 0o (x)y/nan [o(x+va, ") — Lo(x)] ,
L3,(0) = an | Bn(x+ vag!) = Ba(x)]

By (B4) and Lemma SA-4, Z?n = op(1). Suppose also that

(SA.6) max argmin I:Tfm(v; t) ~» argmin H) (v;t),
vE‘Zf‘n vER

where Hy (v;t) = Gy (v) + M3 (v) — tdPo(x)v. Then

P [y (6n(x) — 0p(x)) > t} =P |maxargmin ﬁ;"n(v;t) < Z?,n

veV .

P [argmin?—[ﬂ (v;t) < 0]
vER

1
=P 0_GCM J(0) >t
a0 SCM(G + M310) 1.
where the second line uses Lemma A.2 and where the last equality uses Lemma SA-1. The
proof of (2) can therefore be completed by showing (SA.6).

We shall do so by means of the argmax continuous mapping theorem of Cox (2022). To
be specific, using that theorem it can be shown that (SA.6) holds if

(SA.7) Up(t) = max argmin I?T;[n(v; t)=0p(1)
’l)e‘/}x?n

and if

(SA.8) H,(-51) ~ HI(51).

We begin by showing (SA.8). First, by (B1), @ﬂn ~ Gy. Also, by (A2) and (A3), as u — 0,
Iy (X + u) — 0y (X)‘I)o(x + u) —TIy (X) + 90(X)(I>Q (X) . [90 (X + u) — 0y (X)] 8‘130 (X + u)
— lim
uatl u—0 (q+ 1)us
9% (x)0Po(x)
N CES
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where the first equality uses L'Hopital’s rule and
O[Lo(x+u) — Op(x)Po(x 4+ u) — To(x) + Oo(x)Po(x)] = [fo(x 4+ u) — Op(x)] 0o (x + u).

As a consequence, My, ~ M. Moreover, Eﬂn — Ll ~~ 0by (B4) and L3, ~ Ly by (A3),
where L, (v) = an, [®o(x + va, ') — ®o(x)]. In particular, Ly , ~ Ly and therefore

(Gl M2, L) = (Guo M, L),
Because @ﬂn + Mfm is asymptotically equicontinuous,
LSCry, (G + M3,) = (G + M) ~ 0
by (B4) and Lemma SA-5. Also, by (B7) and Lemma SA-6,
LSCzs, (o)LL, ) = (rafo(x) LY, ) ~ 0.
The result (SA.8) follows from the three preceding displays and the fact that, on ‘/}an,

0> LSCzy (Gl + M+ rabo (0L, ) = (Gl + M, + by ()L, )

>1SCqy <@jn + M;[n) - (@;‘n + Mgn) +LSC;q (rnHO(X)fﬂ,n) - (rnHO(X)Ei‘,n> :

Next, to show (SA.7), we first define 6,,(x;t) = 0y(x) + 7,1 and note that

z€d;, ([0,in])

Un(t) =an [max argmax {0n(x;t)</f[3n(x) —LSCs (fn> (ac)} — x] .

Now, if |0, (t)| > and > 0, then

382;1}?; {Hn(x;t)glgn(:r) — LSC@H (fn> (x)} > 0, (x; t)@n(x) — LSCan (fn> (x),

where [0, (x;t) — 0o(x)| = O(r,; 1) = o(1), and, by (B4),

sup </I\>n(x) — CDO(x)’ =op(1).
xel

Also, using (B3), (B4), and Lemma SA-2,

sup |LSC5 (fn) () — Fo(x)’

zel

<sup |LSCg, (fn) () — LSC4 (To) (:c)‘ +sup|LSC; (o) () — To(x)

zel

F, )~ o) +2 (sup o)) sup B, 0) ~ Bo(o)] = ().

<sup
zel

As a consequence, vy, (t) = op(ay): For any 6 > 0,

P [[on ()] > and]

<P

s {00(x)Po(z) —To(2)} = Oo(x)Po(x) —To(x) + OP(l)] = o(1),

where the equality uses the fact, noted by Westling and Carone (2020, Supplement, proof of
Lemma 3), that the function v — 6y(x)®o(v) — I'g(v) is unimodal and maximized at v = x.
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Next, defining V3, (j) = {v € Vi, : 27 < |v| < 2971} and using 0, (t) = op (an ), we have,
for any K, any positive ¢’, and any sequence of events { A} } with lim,,_,. P[A}] =1,

limsup P [0, (t)] > 2K] < limsup E P [2j < o) < 271 NA]
j>K:21<a,d’

inf HJ,(050) < HL,(0;) N AL

< limsup Z P et

N0 S Ki2i<and

The proof of (SA.7) can therefore be completed by showing that the majorant side in the
display can be made arbitrarily small by choice of K, ¢’, and {A/,}.
To do so, we begin by analyzing each term in the basic bound

Y, (05) = H3,(0:4) 2 1SCg (G2,,) (v) +LSCpy (M) (v) = L, (v)
+1SCs (rnﬂo(x)fg’n) () = raBo () LY, (v) — Y, (0:1).

Because Eﬂn(o; t) ~ Hx(0;t) = 0 and because, by (B7) and Lemma SA-6, there is a positive
¢’ such that

sup ‘Lscmn (mb0)L4,) (v) - rneo(x)fin(v)‘ = op(1),

[v|<and’

we may assume that, on {.4] } and for some Cj,

sup |LSC;q (rnﬂo(x)iin) (0) = rabo () LZ . (v) — HE, (0; t)‘ <Co.

[v[<and’
Also, because, by (B4) and (A3), there is a positive ¢’ such that

L, (v)

Ly(v)

=op(1) and sup
1< v|<and’

< 00,

we may assume that, on {.A},} and for some C,,

LY, (v)

[

sup <.

1< |v|<and’

Next, by (B4) and Lemma SA-5, with probability approaching one,

LSCzq (M) (v) > |v|/2§i‘r11)f|§2llefm(v’) for every |v| > 2,

while, by (A2) and (A3), there is a positive ¢’ such that

in > 0.
1<|v|<na, o’ ./\/lﬂ (’U)

We may therefore assume that, on {.A/, } and for some positive C,

inf o ' >Cuy.
2§|;|n§an5’ i+l =M

Finally, by (B4) and Lemma SA-5, with probability approaching one,

LSC-, (G2,,) (v) G3,()
LsCzz, (Gin) ,

< sup
jul/2<o'|<2v

for every |v| > 2,



BOOTSTRAP-ASSISTED INFERENCE FOR MONOTONE ESTIMATORS 11

and we may therefore assume that, on {.A/ },
sup ‘LSCEq <§§n> (v)‘ < sup ’@q (v)‘ for every j > 2 with 27 < a,,0',
UG\an(j) o

where V,,(j) = {v e R:n~127 < |o| <n27F1},
As a consequence, by the Markov inequality,

P | inf HY,(vit) < HI,(0;t)NA,
eV (4)
<P | sup ‘@jn(v) > 1{/&& ) [Crv ! — Cplv| — Co) ﬂ.A;L]
veVvi(y

veV2(j)

E [supvevz(j) ‘éﬂn(v)) ]lAiL]
= infyey, () [Cuvi+t — Cplv] — Co)

for every j > 2 with 27 < and’,

where, by (B2), we may assume that, for some Cg,

Mﬂ]g > E

J—1<y'<j+1

E | sup ‘égn(v)

veVa(j)

sup
veVi(j’)

éﬂ’n(v)‘ La, ] < C2I?,

and where, for all sufficiently large j,

inf [Chot — Cplu] — Gy = 202D,
veVi(j) 2

In other words, for large K,

lim sup Z P

N0 S K2i<an

inf HJ,(050) < HY, (058) NA,

2Ca .
< 226 3 guls—(a+1)]
VeV, (5) c

M Sk

which can be made arbitrarily small by choice of K.
Proof of (7). We proceed as in the proof of (2). Let t € R be given. By Lemma A.1 and
change of variables,

P* [rn@;(x) —0,(x) > t}

—P* |max argmax {[an(x> +tr; )% (x) — LSC. (f;;)(:c)} <3 0 8% (x)
ze®; ([0,a5)) "

— P* in H9* (v 79%
=P}, | maxargmin H7 (v;t) < Z{;
veV I

)

Vi ={an(@—x) 2 e & (0.1

~ ~

A3 (v:8) = LSCy, (G4 My + B (OLE) (0) = [rufa) + L (0)

X,1n
and

Zin=an |8 0 Bhx) x| .

X7
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with

G3(v) = Vi [T x+vag) = 59 = Fulx+ vy ) + T ()

-~

—0(x)/ran [cf;*;(x Foazl) — B (x) — Bpx+vasl) + cin(x)} ,
M2, (0) = Vb (va ). L2(0) = a [Ba0ctvayh) — 80)].
By (B4) and Lemma SA-4, Z?; = op(1). Suppose also that

(SA.9) max argmin H3* (v; ) ~p argmin HJ (v; t).
UE‘Z?{L* ’ veR

Then, as in the proof of (2),

P} [ra(0(9) = 0u(x) >t +p P [(ml)(x)aGCMR(gx + MI(0) > | .

The proof of (7) can therefore be completed by showing (SA.9).
We shall do so by showing that

(SA.10) 05 (t) = maxargmin 3 (v;t) = Op(1)
UE‘Z?{I*

and

(SA.11) HI7: (1) ~p HI(51).

We begin by showing (SA.11). First, by (Bl), @ﬂj,’fb ~p Gyx. Also, by Assumption C,
Mgy ~p My Moreover, Ly, — Ly, ~p 0 by (B4), where, as shown in the proof of (SA.6),
L3, ~~ Ly. In particular, LJ’, ~>p Ly and therefore

(G, M1, LE3) ~p (G M3, L)
Because G, 4+ My, is asymptotically equicontinuous,
LSCrs,: (G + D13, ) — (G 4+ MEZ,, ) ~p 0
by (B4) and Lemma SA-5. Also, by (B7) and Lemma SA-6,

LSCz.. <rn§n(x)Zg;;;) - (rnén(x)ig;;) o 0.

> LSC.. (@Qn + Mgn) - <@j:; + MO
+LSCqy. (rabn(0LE) = (rafu(x) L)
Next, to show (SA.10), we first define 8, (x; t) = 6,,(x) + tr;! and note that

Sk

Un(t) =an

maxxezﬁéﬁsgétb}) {gn(x; t)i\);;(l’) — LSC&); (f;) (x)} — x] .
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Now, if |0} (t)| > and > 0, then

sup < O, (x; 1)@ (2) — LSCa. (T%) () b > B, (x;1)®% (x) — LSCs. (%) (x),
sup {6, ()8} (2) - LSCg, (I) (@)} 2 860100 ~ L5Cq, (F7) 09
where |0, (x; ) — 6o(x)| = Op(r;!) = op (1), and, by (B4),

sup | (x) - Do(2)| = op(1).

Therefore, defining X, = &~ (&% (x)) = x + op(1) and using (SA.5),

w0 )85 (x) ~ LSCq, (T) (4

> 0,(x )5, (x) — T (%5)

= 0 ) B, (%) = O () (%) = T3 (%5) + Tu(K5) = M, (2350 /v/nan = op (1),

where the last equality uses (B3), Z. qn = op(1), and Assumption C. Also, using (B3), (B4),
and Assumption C, we have, uniformly in = & I? and for some ¢ > 0,

T5(2) = 0 ()®;(2) = Ts(2) = Tule) = 0a(x) (@ (2) = Bu(@)) + Mz =)

> 06q+1 + OIP(l)a

)

and therefore, by Lemma SA-3,

sup {§n<x; 18} (z) — LSC5. (fn) (x)} < 67 4 op(1).

As a consequence, Uy (t) = op(ay,): For any § > 0,
P (|05 (t)| > and] <P [—cs9H! > op(1)] = o(1).

Next, defining V37 (j) = {v € V& : 29 < |v| < 291} and using 37 (t) = op(an), we
have, for any K, any positive ¢, and any sequence of events {4/, } with lim,,,, P[A}] =1,

limsupP [ ()] > 25] <limsup > P2 <[55(1) <2 NA]
n—oo

N0 S K2i<an

<limsup Z P

N0 S Ki2i<an

inf  HI(vit) < HI2(0:0) N AL |
velh () ’
The proof of (SA.10) can therefore be completed by showing that the majorant side in the

display can be made arbitrarily small by choice of K, ¢’, and { A/, }.
To do so, we begin by analyzing each term in the basic bound

A3 (vit) — HI7(0:1) > LSCpy . (ég;;;)( ) +LSC;s (”qn) (v) — tL37 (v)

~

+LSCqa.. (rnan(x)Lg;;;) (0) = Tl () LI (v) — HEZ(0;1).

Because ﬁ;{ﬁ(o; t) ~p Hx(0;t) = 0 and because, by (B7) and Lemma SA-6, there is a pos-
itive &’ such that

sup )LSCLq . <rn§n(x)Eg;> (v) — rné\n(x)iﬂ:(v) =op(1),

[v|<and’
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we may assume that, on {.A], } and for some Cj,

sup |LSCjy. (rnén(x)ig;:;) () = rab () L7 (v) — HE2(0; t)‘ < Cy.

lv|<and’
Also, because, by (B4) and (A3), there is a positive ¢’ such that

L, (v)

Ly(v)

Lin(v) = Lo (v)

=op(1) and sup
1<|<a,é’

sup
[v|<and’

)

we may assume that, on {.A},} and for some C,,
L)
v

sup <Cy.

1<v|<and’

Next, by (B4) and Lemma SA-5, with probability approaching one,

LSCA,*<M‘1> > inf MY (W) f >9.
Ly X,1 (U) - ‘U|/2§1|rll’"§2‘v| x,n(v ) or every ’U’ el

while, by Assumption C, there is a positive c such that, with probability approaching one,
o M)
[>1 vItl

We may therefore assume that, on {.A/,} and for some positive C,

LSC7o.. (z\?‘*n) (v)
" 9 -
2§|ﬁ1§an5' patl =

M-

Finally, by (B4) and Lemma SA-5, with probability approaching one,

‘LSCZW <CA¥)‘Z;) (v)| < sup éﬂ;(v’) for every |v| > 2,

T l/2< v |<200]

and we may therefore assume that, on {.A/,},
sup ’LSCEq,* (@f(';;) (v)’ < sup ‘@f}fl(v)) for every j > 2 with 27 < a,,0’.
vel% (9) veVa(j)
As a consequence, by the Markov inequality,

]P ~
VeVl (9)

inf  HY (v;t) < H3:(0;1) mA;]

<P | sup ‘éﬂ:;(v)’> inf [CMUqul—CL‘U’—Co]ﬂ.A;L]

veVL(5) -~ veVi())
E [Squevg(j) ‘@2,’;’;(@)) lA;l]

- infveVl(j) [CMUqul — CL|U‘ — C[)]

for every j > 2 with 2 < and’,

where, by (B4), we may assume that, for some Cg,

ILA/TLIS > E

J—1<y'<j+1

E sup < Cg2jﬁ,

veVi(j’)

sup \ég;;;(v) Gar(v)] 14,

veVa(j)
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and where, for all sufficiently large j,

1 .
inf [Cav?*! = Crlo| — Co] > ZC270HY,
UEV1 (j) 2
In other words, for large K,
, o frg Fra /| < 2Ca 18— (a+1)]
lim sup Z P | inf Hlp(vt) <HZ(0;6)NAL | < —=— Z 2=l
"I >Kii<a,y LVEV ) Om Sk
which can be made arbitrarily small by choice of K.

Proof of (8). The bootstrap consistency result (8) follows from (2), (7), Polya’s theorem,
and the fact that, by Lemma A.2, the limiting distribution in (2) and (7) has a continuous
cdf. ]

SA.1.5. Proof of Lemma I. For the monomial approximation estimator, we have
Digh(x) = €, T To(x + €n) = To(x) — By () {0 (x + €n) — Do(x)}]
+ e, 212G (1ey)

~

— € 1[0n(x) — 0(x)] Run(1; €5)

— &, TG, (x) — G0 (x)][Po(x + ) — Bo(x)]
_8w$ffﬁ”+dw+0ﬂm¢“w1”+m¢“wqmﬁm
_ 0%p(x) 0% (x)
(g4 1)

where the second equality uses ¢, — 0 and the last equality uses ne*29 — co.
Similarly, for the forward difference estimator, we have

+ OIP(l)v

q+1

55%()() _ et Z(_l)kJqurl (CI ;: 1> [To(x+ ken) — To(x)]
k=1

q+1 T\ ~

q+1
— €, 1[0n(x) — Bo(x)] Y (~1)FFat <q Z 1> Ry (ks en)

- E;(CH_I) [é\n(x) _ 90(X)] Z(_l)k+q+1 (CI _]: 1) [(I)O(X + k‘en) — (I)o(X)]

q
— PR 4 (1) 4+ Opl(meh 1) 2 + (e r20) /4420

_ aq 90 (X) 6(1)0 (X)

CES] +op(l). O
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SA.1.6. Proof of Lemma 2. Proceeding as in the proof of Lemma 1, we have

s+1
DBR J+1 Z)\BR [To(x+ cren) — To(x)]
s5+1
+ e U= 2 N AR ()G (ki en)
k=1
s+1
— I, Z AZR (k) Ry (s €n)
s+1
— 6, U [0,(x) — B0 (x)] D ABR () [@o (x + cren) — Do(x)]
k=1
I (x)

= 7(] n 1)' + O(Eglin{ﬁé-i-l}—j) + Olp(e;(j+1/2)n_l/2 + 6;]@;‘1)

=Dj(x) + O ™M= =7) 4 0790 [(anen) "9 + (anen) ),

where the second equality uses €, — 0 and the defining property of {)\BR( ) k=1,.
The second part of the lemma follows from the fact that if

ne(lH2amin(es=0/@=1) 0 and nelt - oo,
then

—j min{s,s+1}—7
ad 7 emind 950 and  ane, = oo,

8}

O]

SA.1.7. Higher-order expansion of the bias-reduced estimator . In addition to the as-

sumptions of Lemma 2, suppose that Exyn(l; M) = O]p(aﬁl/z) for a; 'n, 1 = O(1) and that,
for some d > 0, Oy is (s + 1)-times continuously differentiable and @y is (s + 2)-times con-
tinuously differentiable on IZ. Then, the first term in the stochastic expansion of D?}:; (x)

satisfies
s+1 .
(i) N 7Y (x)
€ U AP (k) Yo (x + cen) — To(x)] GE
k=1 J '
5+1
675{’—1 ]87 Z)\BR s+2 (5+1 ]) 5+1 ]BBR( )—l—O( s+1— ])
Also, the approximate variance of
s+1
67;(j+1/2)n_1/2ZA?R(k)GX,n(Ck;En)
k=1

is
s+1 s+1

1
BR BR _ BR
1+23 DD AR I)C(er 1) = et Vit ().

Nen " p—11=1
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Finally, the third term in the stochastic expansion of 75?}’;1(x) is asymptotically negligible

under the condition that }A%X,n(l; M) = Op(an Y 2) for a; 'n, 1 = O(1), while the fourth term
exhibits only a higher-order dependence on ¢, (relative to the dependence exhibited by the
first two terms).

SA.1.8. Proof of Lemma 3. We verify that Assumptions A and E imply Assumptions
(B1)-(B4). Define

1 n
= - in VA d (I)* in Z;
n;W ~Yo(z; Z;) an ZW bo(x;Z;).

Verifying Assumption (BI).
Non-bootstrap weak convergence. We first prove @ﬂn ~+ Gx. By Assumption (E3)-(E4),

Vnay sup |Tn(x+va; ) = Th(x) — Dp(x +va; b +f‘n(x)‘ =op(1),

<K
\/mlsg;( B, (x+va; ) — Bp(x) — B (x+ vay, ') + Bp(x)| = op(1),
for each K > 0, an_d thus, defining hy (V1 Zy) = Janhy(va 1. Z;),
‘312( Z{il)xn Z;) — E[yn(v;Z)]}| = op(1).

Next, we prove weak convergence of the empirical process indexed by {1y, (v;-) : [v| < K}
by verifying finite-dimensional weak convergence and stochastic equicontinuity.
Letting n, = Ka,, ",
w7 sup Bt (6 2)1° < (1+ 009 0~ BIDY(2)! + DY (2)1] = o).
v|<K
Also, convergence of the covariance kernel is imposed in Assumption (E5). Thus, the Lya-
punov central limit theorem implies finite-dimensional weak convergence.

For stochastic equicontinuity, proceeding as in Kim and Pollard (1990, Lemma 4.6) and
using a, E[DJ"(Z)? + DZ" (Z)? = O(1), it suffices to show that

sup Zhbxn wxn( v i)’zZOIP(l)

I’L}*U,|§En
[v|V]v'|<K

for any €, = o(1). For any M > 0, using |t)x 5, (v; 2)| < \/an (1 + 0o(x)) (DI (z) + Dy (z))
R _
Sup > e (v Zi) — Un (v Z0)
lv—v'|<e, T i—1
[v|V[v'[<K

n

<4(L+ 000> YIDY (2) + DY (Zo)P LD} (Z0) + Dy (Zi) > M)

¥ ¥
i=1
+ M. /a, | su‘p E [\@x,n(v; Z;) — hyn(V; Z,)H
v—0'|<e€n
| VIv'|<K

_ 1< — _ _ _
+ M\/ an | _51}‘11 - Z {W}x,n(v; Zz) - wx,n(vl; Zz)’ —-E wa,n(v§ Zz) - wx,n(vl; Zz)” }
plvivisk =
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where M = 2M (1 + [6o(x)|), the expectation of the first term after the inequality can be
made arbitrarily small by making M large using a,E[D}"(Z)* + D}J"(Z)*] = O(1), the
second term is o(1) by Assumption (ES), and the third term is Op(y/a,/n) by Theorem 4.2
of Pollard (1989).

Bootstrap weak convergence. We next prove Gﬂyn ~p Gx. As shown below, we have

NG |s‘1£( IT5 (x+va; ') = T5(x) — TE (x + va, ') + T% (x)| = op (1),
v|>

(SA.12)  /nan sup |®F (x+va; ') — O (x) — BX (x + va, D) + B (x)| = op(1),
W|<K

for each K > 0. Therefore, using 6, (x) =p 6p(x) and the fact that, uniformly over |v| < K,

ﬁ S Wi o (x-+vay s Z0) — do(x; Zi) - Z[¢o<x+va;1;zj>—¢o<x; Z;)]} = Op(1),
i=1 ] 1
we obtain

U _7ZW7,n7/}xn z) :OIP(l)?

sup
\v|<K

where 1Zx7n(71; Z) =1y n(v;Z) —nt > i1 Vn (V3 Z5).
To prove finite-dimensional weak convergence, we apply Lemma 3.6.15 of van der

Vaart and Wellner (1996). Assumption (E2) implies that n ! Yo (Wim — 1)2 —p 1 and

n-t maxi<;<n VV-2 = O]p(l). Since

X,n

*wanvz wxnuz wan z n( Zz)

1 D (V; 2 1 Dy (W: Zi
- i_lex,n( o i_lepx,n( )

and sup <, [vx(v: Z)| < DY(Z) +|60(x)| D1}(Z). for any v,u € R,

1 <&~ ~ _ _

ﬁ Z wx,n(m Zz’)wx,n(US Zi) - E[wx,n(w Z)wx,n(US Z)] = OIP(l)-

i=1
Also,n= 13" 1237”(1); Z;) = Op(1), verifying the hypothesis of the lemma.
For stochastic equicontinuity, let €, = o(1) and 1, = Ka,, . Lemma 3.6.7 of van der Vaart

and Wellner (1996) implies that for any ng € {1,...,n}, there is a fixed constant C' > 0 such
that

1 o ~ ~
Bl 2 W [ (03 20) = Do (05 20) | || {2
v V[v'|[<K

< c@ Z [Dzn(zi) + D} (Z; )} (n— 1)~ max [V,

\/ﬁ 1<i<n
k
+C max BE| sup iz[& (Vi ZR,) — Vyn(V'; Z )} {Z;}7
no<k<n lv—v’|<en \/Ei:no xn\™ SR xn\lH SR, 1fi=1

Jo|v[v'[<K
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where (Ry,...,R;,) is uniformly distributed on the set of all permutations of {1,...,n},
independent of {Z;}" ;. Choose ng such that n1/2_1/t/n0 — 00 and ng/a, — oo (which is
possible by t > (4q+2)/(2q — 1)), and the first term after the inequality in the above display
is op(1). For the second term, following the argument of van der Vaart and Wellner (1996,
Theorem 3.6.13), it suffices to bound

k
1 ~ ~
max E» sup —E { n (V3 Z5) — 1y v’;Z*] ’
no<k<n |'U*U,|§6n \/E p w ,’I’L( Z) 1/} 771( Z)
V[V |<K

where {Z? }i-“:l denotes a random sample from the empirical cdf and [E} is the expecta-
tion under this empirical bootstrap law. Following the argument of Kim and Pollard (1990,
Lemma 4.6), it suffices to show that

k
- 2
max E; sup Z wxn 0, Z7) — Py (V' ZY) =op(1).
no<k<n |v—v/|§e —
[v]V[v'|[<K T

For k € {ng,...,n} and M >0,

E,

—~ —~ 2
wX,n(w Z:) — Pxn (U/§ Zj)

sup — g
o—v'|<e, K
ol V|o'|<K

k

B | sup =Y [Ben(6320) — Gren (5 20

[v—v'|<en =1
v V] [<K

2
1 - -
+2 sup (=Y Un(03%) — thn (Vs Zs)
lv—v'|<e€n i
[v|VIv'|<K

where the second term after the inequality is shown to be op(1) in the non-bootstrap case
above. For the first term after the inequality,

E» sup wn (V3 Z5) Dy (V'3 ZE 2
|M|<€nk§;w — yn (Vs Z7))]
[v|V]v'|<K
I ; 2= =1
< 4(1 + |60 (x) 222[ + D (Z:)] WD (Z) + DY (Zi) > M)
i=1

_ 1< _
+Mfan  sup =Y |then (v Z) — Yen (V'3 i) |
[v—v'|<en n =
olv|v|[<K

+ M/, B}, | sup Z\wxn — Py (0 Z5)| = By [|thn (0 Z%) — (v 27)]

‘UﬁUIISEn
lv|V]o'|[<K

where M = 2M (1 + |0o(x)|). The first term after the inequality does not depend on & and
its expectation can be made arbitrarily small by taking M sufficiently large. The second term
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is independent of £ and we can handle this term by adding and subtracting the expectation
inside the summation. For the third term, applying Theorem 4.2 of Pollard (1989) again, it is
bounded by a constant multiple of

an | n =T 2, _

S NEDS [DZ; ()2 + D! (zi)ﬂ —Op (\/an/k),
i=1

which is op (1) by the choice of ny.

Verifying (SA.12). We focus on the first display. By adding and subtracting the bootstrap
means,

TH(x+va; D) = TE(x) — T (x + va; V) + T (x)

= ZWm’yn + [[h(x+va, ') = Tn(x) — Dp(x+vay ') + 0 (x)]
where
(03 2) = Fn(x +vay ' Zi) = Fn (% Zi) = yo(x +vay ' Zs) +70(x Zi)
—Th(x+wva, ) +Tn(x) = Tp(x +va, ) + Th(x).
By Assumption (E3),
mlslli%\f‘n(x—l— va; ) = Th(x) = (x4 vay ) + Th(x)| = op(1).
v|<

Identical to above, Lemma 3.6.7 and the argument in Theorem 3.6.13 of van der Vaart and
Wellner (1996) imply that for some fixed C' > 0,

VvnaplE | sup ZWZ n’Yn {Z }z 1
lo|<k | T
\/a on 1 o %
<CY+— sup |Yn(v;Z;)|— + Cv/a max Ey | sup |—= ) Yn(v;Z7)|| .
Z;U<K " Vn " no<ks o] <K k; A
By Assumption (E3),
~— Z sup |¥n(v; Z;)]|
i—1 WISK
n
Va - _ ~
< YN sup [Fn(x 4 vay s Zi) — (% Zi) — Y0(x + vay ' Zi) + 500 Zs))|

n i—1 [VISK
+Van sup |Tn(x+ va ) = Th(x) — Dp(x4vay ) + L (x)| = op(1).
lv|<K

Also, Corollary 4.3 of Pollard (1989) implies that for some fixed C' > 0,

E} | sup

lv|<K

n

1 _ ) _
<C= ) sup [n(x+vay’iZs) = An(x Zs) — 0 (x +vay ' Za) + 70 (% Z)[,
i—1 IVISK

which is op (a,, 1) by Assumption (E3).
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Verifying Assumption (B2). Defining
G, (v) = y/nay [Cn(x+ vay ') = Tn(x) — Do(x +vay ') + To(x)]
— 0o (x)/nan [Pn(x+va, ') — @n(x) — Ro(x+va, ') + o(x)]
we have

G, (v) = G2, (v) = Vi [Falx+vay) = Tu(x) = Tulx + va ) + T(x)|

— 0o (x)\/nay [&)n(x + vagl) — </I;n(x) — P, (x+ va;l) + @Dn(x)} .
Assumptions (E3) and (E4) imply that for V € [1, a,,d],
na, sup \fn(x + Uagl) — fn(x) - I_‘n(x + Uagl) + I_‘n(x)| < (2V)Ba,_LBBn + A,
lv]€[V,2V]

and

na, sup @n(x—i— va;l) — </I\>n(x) —®,(x+ va;l) + @, (x)| < (2V)BagﬁBn + A,
[v|elV,2V]

where 8=,V B4, An = Ayn V Ay, = op(l), and B, = B, V By, = olp(ag). As a
consequence, there exists 7/, = o(1) such that

e Ve[l,and] lv|€[V,2V] ’ ,

we take the event in the display to be A,,. Also,

limsupE[Dz(Zf/n] + E[DZ(Z)Q/U] <00
nd0

and, using Corollary 4.3 of Pollard (1989),

E | sup |GZ,(v)|| <CVV forV € (0,a,d].
o] <V
Therefore,
E| sup |G, ()|1a, | <CVV+[VP+1]n,,
lv|e[V,2V] '

implying in particular that

VP sup |G, (v)[La,
lvle[V;2V]

sup E =0(1).

Velland]

For the bootstrap counterpart, defining
@ﬂ:;(v) =./na, [f;(x + va;l) — T (x) — Tp(x+ va;l) + f‘n(x)]
— O0(x) /Tt [ (x + vay ) — B () — Dy (x - vay ) + B (x)]
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we have
(SA13)  Gn(v) = Gin(v)

= /nan, [f;’;(x +oa; ) = TE(x) = T (x+va; D) + fZ(X)]

— () /T |82 (x + vagt) — BF (x) — B (x+ vay ) + B (x)|

+ Vnay [fn(x+ va, ') — Tp(x) — To(x+ va, ') + fn(x)}

— 0, (x)/rian :@n(x Foazt) — By (x) — Bp(x +vast) + <T>n(x):

+ V/an B (x) = B0 ()11 [, (x+ vay ) — D7 (x) = B (x + vag ) + B (x)]
where bounds for the third and fourth terms were derived in the non-bootstrap case and

where the last term is op (1) uniformly over [v| < a,,0 as \/ay, [@L (x) — 0p(x)] = op(1) and
VNSup|y <5 | P, (x+v) — @y (x+v)| = Op(1). For the first term after the equality in (SA.13),

Vit [T (x+ vay ) = T (x) = Thlx+ vay ') + T (x)|

1 O . . _
= NG Z Winn(vay ' Z;) + v/na [Co(x+vay ') — Tp(x) — Tn(x +vay ') 4+ Tn(x)]
i=1

where, by Assumption (E3),

v/na, sup \f‘n(x + va;l) — f‘n(x) —Th(x+ va;l) +Ta(x)|=[1+ Vﬁ]olp(l)
[v|<V

uniformly over V € [1, a,,d] and where, applying Lemma 3.6.7 of van der Vaart and Wellner
(1996), we have, for any ng € {1,...,n},

1 n
E N Wi (v; 20| | {Z)
sup \/ﬁ; i (0 Z) || {Z} iy
1< n 1<
<C- sup |¥n(v; Z; OE[maX Wi ]—i—C max E* [sup An(V; Z)| ],
n;v<6‘ nl Z)|\/ﬁ 1§i§n| o no<k<n lv| <8 \/E; n Z)

where C' > 0 is a fixed constant. Letting ng be a diverging sequence (dependent on n) such
that non*v/a, /n = o(1), the first term on the majorant side is bounded by

n

1 N . _

C— Z sup  |n(x;Z;i) —vo(2;Z;)| + C sup [I'p(x+v) —Ip(x+v)| = op (1),
N Ja—x|<8 [v| <8

and, by Corollary 4.3 of Pollard (1989), the second term is bounded (up to a constant) by

" 1/2

1 ~
= sup [Yn (w3 Z) — v0(; Z:) |
n i—1 TEL?

Jan

which is op(1) by Assumption (E3). As a consequence, there exists a sequence of random
variables A/, = op (1) such that for V € [1,a,0],

na, sup
[v|<[V,2V]

T (x+va; ') = TE(x) = T% (x + va; 1) + f;;(x)‘ <[VP+1]AL.
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By identical arguments, an analogous bound holds for the second term after the inequality in
(SA.13). Therefore, there exists 1), = o(1) and events A,, such that lim,, ., P[A,] =1 and

E| sup ‘Gq*v—Gq*( )’IlAn

lv|e[V;2V]

<[VF+1]n,

for any V' € [1,a,0]. Finally, proceeding as in the proof of stochastic equicontinuity, we
obtain the bound E[supy,cvav] [Ghn (v)]] < CVV.

Verifying Assumptions (B3)-(B4). We have
Pa() = Toa)| < sup |T(@) = Tu(@)| + sup [T (@) — To()]

zel
where the first term after the inequality is assumed to be op (1) and the second term is op (1)
by standard arguments. Similarly, sup,c; [Py (z) — Po(x)| = op(1). Also,

zel zel

sup [ (¢) — Bo(2)| < sup |$0(2) — Bu(x) — B (@) + Bn(x)
xel? zel?
+ sup ‘<I> (130(37)‘ + ’@n(x) - (i)n(x)‘
€I}

where the last two terms are op(a,; ') and where Assumption (E4) implies

~

By (2) = Pu(x) = Bu(2) + Bu(x)| < (nan) /?[Agn + 0% Byn] = op(ay,),

sup n

zel?

the last equality using By, ,, = op (an ) and Bd) <q.
Now we look at the bootstrap objects. For I‘*

T () T ()] + sup [T ) - () — Toa)

B () = Tu(a)| < sup
zel

xel zel

where the last term is assumed to be op (1) and where

sup
zel

T ok 1 g ~
T5) = Ta@)| < Do Wl sup [ (: 2:) — 70 20)
i=1 r

1 n
g - |W7

For I —I',,, using Lemma 3.6.7 of van der Vaart and Wellner (1996) and the same argument
as for verifying Assumption (B1), it suffices to show that
max

L/ <k<n VE - Z%

as can be done usmg Corollary 4.3 of Pollard (1989)
For <I>n, SUp, g |<I> ( ) — o n(2)| = op (1) follows from the same argument as for F* For

@n SUP s | (2) — Bu ()] = op(1),

l — .
2= " sup [Fn(; Zi) — y0(; Zi)[* = o (1).
n i—1 zel

n~1/2 E |sup

zel

] =op(1),

sup @;(x)—:ﬁn(x)‘ < sup | &% (2) — &% (x )‘—i—sup}@* — B, ()|
zel? zel? zel?
+ sup | &, (x) — Bo ()| + sup | By (w )-cpo(x)]

xel? xel?
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where the last term is op(a, ') as shown above and the second and third terms after the
inequality are Op (n_l/ 2) by standard arguments. For the remaining term,
sup @Z(az) — @ (x)| < sup

E L®271¢n
zel? zels |

+ sup ‘(ID — B (x) = P (z) + Pr(x)|
xel?
where ¢, (2;Z) = ggn(x, Z) — ¢o(x;Z) — [®,,(x) — ®,(x)]. The last two terms are op(a; ')
by Assumption (E4). Using Lemma 3.6.7 of van der Vaart and Wellner (1996) and the argu-
ment similar to above, the remaining term is op (a,, ).

+ ‘(i)n(x) - (i)n(x)’

SA.1.9. Proof of Theorem A.l. The proof is by contradiction and follows Kosorok
(2008). We omit some details in cases where the arguments are almost identical to those
for Theorem 1 and Lemma 3.

Suppose that the bootstrap approximation is consistent; that is, suppose

S .
o (0500 = Ba(x)) ~p 8@ 550~ 6M={Ge+ MI}0) =

Then, by Theorem 2.2 of Kosorok (2008), we have

(SA.14) o (5;;(x) by (x)) Y1+ Yy =g V2Y

where =, denotes the distributional equality, Y7 and Y5 are independent copies of Y, and
where the convergence in distribution is unconditional.

Using the switching lemma, P [rn (@‘L (x) — Ho(x)) > t] equals

P

max —argmax {[HO(X) + 7 ) ®F (2) — LSC;. (f;) (1’)} <® o @;(x)] .

ze®;, ((0,a3])
By the arguments used in the proof of Theorem 1, to characterize the limiting distribution of
(67 (x) — Op(x)), it suffices to look at

—Gln(v) = M, (v) + LI (v)

G (0) = iy B3 (xvag ) = T = Fulxt vy )+ T

— O0(X) /i | B (x -+ va ) = B(x) = B+ vaz ) + Bu(x)]

and

Mfm(v) = /na, [f‘n(x + va;l) — f‘n(x) — 90(X){(i)n(x + va;l) — @n(x)}] .
It can be shown that Gy, ~p Gy, Eﬂ: ~~ Ly, and that My, ~ Gy + M. Thus,
P [rn (5;; (x) — Ho(x)> > t} SP [argmin {Go1(0) + Gua(v) + MI(v) — 8B (x)v} < 0] :

veER

where G, 1 and G, o are independent copies of Gy. Noting that Gy (av) =4 /|a|Gx(v) and
using the change of variable v = w2t , the limit distribution equals

P [22ql+1 argmin {gx(u) + Mg (u) - 2_ﬁta¢0(x)u} < 0}

u€eR

—P [2ﬁ(a<p0(x))—la_ccmﬂg{gx + MI}0) > t} .
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As a consequence,
i (B(0) = 00(x) ) ~ 2551 (9@0(x)) 'O~ GCMe{ G + M),

contradicting (SA.14) because PR #/2.
In other words, the bootstrap estimator 0 (x) fails to approximate the limit distribution. [J

SA.1.10. Remarks on verifying conditions in applications. Below we verify the hypoth-
esis of Theorem 1 for various examples. For this purpose, it suffices to verify Assumptions
A, (B5)-(B7), and E since Assumption E implies (B1)-(B4) by Lemma 3.

When ~q is known, it is natural to take fn =T, =T, in which case (E3) reduces to the
requirement that, for some p,, € (0,2),

(SA.15)

log N _
lim sup og(i—(&?,&,) <oo, E[F,(Z)*]<oco, limsup
€l0 g P nd0 n

An identical remark applies to ¢ and (E4).

SA.1.11. Proof of Corollary 1. Assumption A and (E1)-(E2) follow from the hypothesis.
(E3): In this example, yo(z;Z) = 1(X < x) is known, so it suffices to verify (SA.15). The
uniform covering number of {1(- < ) : z € R} grows linearly, and an envelope function can
be taken to be 1. For an envelope function of {1(- <z) — 1(- <x) : |z — x| < n}, we can take
1(—n+x < - <x+n) and the moment bound is satisfied as E[1(—n+x < X <x+7)] < Chn.

(E4) trivially holds as ®,,(z) = &% (z) = .
(ES): Here i« (v;Z) = 1(X <x+v) — 1(X <x) — ®g(x)v. Then,

Elléx(v:2) ~ (s D)) _ BIL(x+vAv <X <x+oVeh] oo
/| — " -

lv—v lv—v
Also, Py, (13 Z) = L(xp, A (Xp, + 1) < X <xp V (X + 51)) — fo(x)smy, and
U (8103 L), (B0 Z) = 1(xn, < X <X+ (s A L)) L(s > 0,8 > 0)
+ 1%+ (sVt) <X <x,)1(s<0,t<0)
— 1(xp A (X + 810) < X < Xp V (Xn + 870)) fo(Xn )t
—1(xp A (X +t10) < X <xp V (Xn + t00)) fo (X)) ST
+ fo(xn) st

Then, for any s,¢ € R and x,, — x, using continuity of fy at x,

M By, (873 Z) s, (tnn; Z)]

X 41n (SAL)
:nnl/ fo(u)dul(s>0,t>0)

n

+7751/ ’ fo(u)dul(s <0,t<0)+o(1)
Xn+1n (8VT)

=fox)[(sAt)1(s>0,t>0)— (sV)1(s<0,t<0)]+0(1)
= fo(x)(|s| A [t])L(sign(s) = sign(t)) 4 o(1).

(B5) holds since u,, = u, converges in probability to ug, the supremum of the support of X
by i.i.d. assumption.
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(B6) and (B7) hold trivially since @n and @; are the identity map.

Assumption D follows from (E3) and empirical process theory arguments.

SA.1.12. Proofof Corollary 2. Assumption A and (E1)-(E2) follow from the hypothesis.

(E3): We have I';, =1 — S,, with S, the Kaplan-Meier estimator. By Theorem 1 of Lo and
Singh (1986),

~ logn |3/4
sup |y (z) — — z;,7Z) ’ (} ‘ )
zel ZFYO n
Since \/na, < n2/3 for ¢ > 1, sup,c; |Tn(z) — To(z)| = op(1) and /na SUD|y (<5 T (x +
v) = Tn(x) = Tn(x+v) + T'n(x)| = op(1) hold.
We have

An(2;Z) —vo(z; Z)

o [ Solu )Go( > ~5(w)Ga(w) n = Ao
() | j o So()Gow)
BY Sy(u)Gi(u) > 0 WehaVe\/ﬁSUPweI\ 2(2) = So()| = Op(1), ViTsuper |G () —

Go(z)| =Op(1), and \/ﬁsupxel\A (z) — Ap(z)| = Op(1), which in turn implies

fZSuII)hn$Z —yo(z; Z; ‘ =op(1 ZSU:IP "yan yon)‘ op(1).
i=1 %€ i—1 TEL?

Let § = mm{x (uo = x)}/4, Rin(v) = | Fu(x +v) = Fp(x) = Fo(x +v) + Fo(x)|, Ron =
| Fn(x ) ( ), Rsn = sup,er|[Sn(2)Gn ( )7 = [So(2)Go(@)] !, and Rap(z1,22) =
7 siem — I s |- For lo] <

‘I‘n(x—l—v)—I‘n(x)—Fn(x—i—U)—i—Fn(xﬂ

14 Ap () G (x— VE (x — 11 . <
< Rin(v) |1+ EXETRE + Ry [Sn(x = 8)Gr(x — 0)] n;]lﬂXZ | <)

1o 1 ¢ . .
_ x| < — ) . '
+R3nn;n(|x, x]_v)+niz_;RAm(XZ/\X,XZ/\(x—i—v))
As noted above, sup <5 R1n(v) = op((na 2) %), Ry, = Op(n _1/2) and Rs, = Op(n~1/?)
by So(u0)Go(up) > 0. Also, uniformly over V' € (0, 24], sup|v|<vl Yo (I(X <x+v)—
1(X; <x)| SCV +Op(n~12). 1

(SA.16) sup — ZR4n (0, X; A (x+v)) = Op(n~/?)

lvj<s T
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and
1 . a . —-1/2 —-1/2
(SA.17) nz;R4n(XZAx,X1A(x+v)) < [o]Op(n~V?) + op <(nan) )

uniformly over |v| < 24, then there exist random variables A,, = op(1) and B,, = Op( /ay,)
independent of v such that for V' € (0, 24],

Vnay sup [n(x+v) = Dp(x) = Tp(x+v) + Th(x)| < Ay + V By;
[v|<V

that is, 8, = 1 in the notation of (E3). To show (SA.16) and (SA.17), for z1,z2 € I,

)

Ryn(x1,29) < R3n’Kn($2) - Kn(xl)‘ + So(u)GO(u)

Let Jo(u) =1/[So(u)Go(u)] and integration by parts implies

T2 [Kn - AO](dU) . Kn(ZQ) — A()(l'g) _ Kn<1'1) — Ao(x1) B Ty -
/:cl So(u)Go(u) — So(wa)Go(x2) So(21)Go(z1) /:cl [An(u) — Ao(w)]Jo(du)

~ 1 1
= [An(r2) = Aolz2)] [So(xz)Go(ivz) N So(xl)Go(wl)]
An(22) — Ao(22) — Ap(21) + Ao(a1)
So(SUl)GU(Il)

The first term after the second equality is bounded by Op(n~'/2)|zy — z1|. For the sec-
ond term, Theorem 1 of Burke, Csorgé and Horvath (1988) implies that on a suitable
probability space there exists a sequence of standard Brownian motion W, such that

VanSUP|, g, <y \f[ n(21) = Ao(w2) = An(21) + Ao (22)] = Wi (d(z1)) + Wald(22))| =
op(1), where d(z) = [ 5 FO;ZLO G- BY Theorem 3.2 of Pollard (1989), there is some
fixed constant C > 0 such that E[supp,, ., <, [Wn(d(z1)) — Wa(d(z2))[]] < Cv. Fi-
nally, | [7*[An(u) — Ao(u)]Jo(du)| < SUpycls, ) [An(z’) — Ao(2)[[Jo(x2) — Jo(x1)] <
Op(n~'/2)|z9 — x1|. Thus, (SA.16) and (SA.17) hold.

For the function class §., we can take F,(Z) =1 + [So(uo)Go(uo)] 1 + Ag(uo)] as
a constant envelope. For the function class {So(z) : © € I}, given m € N, there exists
{z1,...,Zm+1} C I such that sup,c;minj—1 ;11 |So(z;) — So(z)| < 1/m, which implies
the uniform covering number is bounded by a linear function. The covering numbers of
{1(- < s):s eI} and {[;"*[So(u)Go(u)] ' Ag(du) : s € I} are also bounded by a linear
function. By Lemma 5.1 of van der Vaart and van der Laan (2006), there exists p € (0,2)
such that lim sup,,| log Ny (7, 8~ )n” < oo holds.

_|_

~ [ Baw) - Aow)) (e

Now consider the uniform covering number of @7. Given a realization of (§n,én),
the mappmg T fos (u)Gp(u)] " Ay (du) is a composition of z + = A s and >

INE (w)] " An(du). The latter mapping is monotone, and the first mapping is
a VC subgraph class, and Lemma 2.6.18 of van der Vaart and Wellner (1996) implies
{fOAs Gn(u)]™ 1A, (du) s € I} is a VC-subgraph class. Note that since Sy, G are

bounded away from zero, Sn, G, are bounded away from zero with probability approaching
one. Thus, for some p € (0,2), limsup,)|;log Ny (), §,)n” = Op(1) holds.
Fors<tel,

XAt m
[10(53Z) —0(: Z)| < C|Fo(s) — Fo(t)| +CI1(X < ) - 1(X S”'A*/XA m
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and we can take D7(Z) to be a constant multiple of supy|<,, |Fo(x+s) — Fo(x)| + AL(|X —
x| <n)+ fxw] Ao(du)/So(u)Go(u). For n > 0 small enough, there is some fixed C' > 0 with

E[DY(Z)* + D(2)*] < Cfolx+ n)n.

(E4) trivially holds as ®,(z) = &% (z) = .
(E5): We have

x(v;2) = So(x) : : +O(Jv])
So(X)Go(X)
where O(|v|) is uniformly over small enough |v|. Since
x+vVo'
E[|1(X <x+v) - 1(X <x+7)|A] = / Go(u) fo(u)du < Clv — '),
X+vAv’

the first display in (ES) is satisfied. For the covariance kernel,

E[x,, (81705 Z)Yx,, (t0n; Z)]

_ ) o)
_SO(Xn)Q(/xn mdu]l(s>0,t>0)

) ﬂ ul(s 2
+/xn+nn<sw> So(u)2G0(u)d I( <0’t<0)> +0(n)

_ M
So(x)2Go(x)

 So(xa)*fo(x)
S() (X) 2G0 (X)

(s AN t)np1(s>0,t>0)

(s VE)n,1(s<0,t <0)+o(nn)

X +1n [ fo(u)

where the last equality uses continuity of (So,Go, fo) at x ie., [ So2Cola)

s SJdu = o(1)n,.

(BS), (B6), and (B7) hold since in this example, u,, = u), = u and </Isn, &); are the identity
map.

Assumption D.  As noted when verifying (E3), G (1;m,) = op(1) for any 7, = o(1) with
a,in,t=0(1). ®,, = D is the identity map and the desired result holds.

SA.1.13. Proof of Corollary 3. Assumption A and (E1)-(E2) follow from the hypothesis.
(E3): In this example, yo(z; Z) = Y 1(X < z) is known, so it suffices to verify (SA.15). The
uniform covering number bound is straightforward as {1(- < z) : x € R} is a VC-subgraph
class. An envelope function is |Y|, whose second moment is finite. For x € I}, |yo(x; Z) —
Yo(x; Z)| < |Y|1(x —n < X <x+n), which we can take as DY(Z). Then, for j = 2,4,

_ . ) x+n ) )
BIDN2P) <27 [ (juo(@) + Bl X = al) fo(e)da < Co
x=1
and the desired bound holds.
(E4): ¢o(x;Z) = 1(X < x) is known, so it suffices to verify the analogue of (SA.15). The
argument is the same as for checking (E3) in monotone density estimation with no censoring.
(ES5): We have

U0 Z) = £(L(X €x+0) = 1(X ) + (0(X) = o (x)) (L(X < x+ 1) — L(X <x)).
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Then,

x+vVo’

Ell¢x(v:Z) — (v Z)]] < / [oo(2) + o (@) — po ()] fo(z)dz < Clo — 2|

X+vAv’

and the first display holds. For the covariance kernel, note |(o(X) — 1o (Xn))(L(X < x, +
v) — L(X < xp)| < |v|supjy_yj<ap [Op0(2)| for [, — x| V [v] <n for n > 0 small enough.
Then,

E[t)x, (813 Z)Yx,, (tnn; Z)]
= E[EQ(H(X <Xp + 87n) — L(X <x)) (L(X <+ 1) — T(X <x))] + 0(772)

X 41 (SAL)
_/ o2(2) fo(w)dw1(s > 0,¢ > 0)

n

+ /Xn ag(x)fo(x)dxﬂ(s <0,t<0)+ O(ni)
Xn41n (sVT)
and
]E[K/an (Snm Z)wxn (tnm Z)]
— 03 (x) fo(x)[(s At)L(s > 0,¢>0) — (s Vt)1(s <0,t <0)]
=05 (x) fo() (|| A [t]) 1 (sign(s) = sign(t)),
as desired.

(BS) trivially holds since u,, =}, =1 in this example.
(B6): @n,a\)* are (empirical) cdfs, so they are non-negative, non-decreasing, and right-
continuous. {0,%,} C ® n(I) and {0,u7} C &% (I) hold as @y, = 0¥ = 1, O, (min; X;—) =
0 = 7 (min; X;—), and O, (max; X;) = 1 = ®* (max; X;). The sets O,,(I), & (I) are finite
and thus closed.
(B7): With probability one, all X;’s are distinct. If z is one of X;’s, ®* (z) — & (z—) =
n~tW;,,, for some j, and o (z) — </I\>;*L (x—) = 0 otherwise.

Given E|W; ,|* < 00, n~ ' max)<j<n |Win| = op(n5/6), which implies

msup D% () — O (z—)| = op(1).

rel
The argument for </15n is similar.
Assumption D follows from (E3)-(E4) and empirical process theory arguments.

SA.1.14. Proofof Corollary 4. Assumption A and (E1)-(E2) follow from the hypothesis.
(E3): In this example, I, = F

Gn(X,A)7 = QO(X,A)—l‘ n \un(X,fx) — 1o(X, A)|

(@3 2) — 025 2)| < 1(X <) @e\

1~ -
oD (X, A) = (X, Ag)| +
7j=1
The last sum is bounded by sup,¢; |+ > i1 oz, Aj) —0o(x) |, and this object is Op (n~1/2):
to see this claim, first note that Assumption MRC (iv) and Theorem 2.7.11 of van der
Vaart and Wellner (1996) imply limsup,qlog Ny (e, {su(z,-) : € I})e¥ < oo for some
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V € (0,2) and Theorem 4.2 of Pollard (1989) implies sup,¢; |+ > =1 to(z, Aj) — Oo(z)] =
Op (n~Y/2). Together with Assumption MRC (iii), a,, 2 30| sup,e; [Fn (23 Z) =0 (73 Z) | =
op(1) holds.

By Assumption MRC (iii), uniformly over V € (0, 24]

m‘sllg?/ ITn(x+v) = Tn(x) = Tp(x+v) + Tn(x)| < op(1) + Op(van)V
v
and the desired inequality holds. R

The uniform covering numbers of ., §~ . are the same order as for {1(- <z):x € I}.
For x € I}, |vo(2;Z) — (% Z)] < 1(x —n < X <x+n)(lele™ + 0p(x + n)). Then,
limsup, o B[DY(Z)’]n~! < oo holds for j = 2,4.
(E4): ¢o(x;Z) = 1(X < z) is known and the same as in the classical case, so the same
argument applies.
(E5): We have

3

m + 00(X) — 0o(x) |-

Un(v;2) = (L(X <x+v) — L(X <x))

Then, for v,v" € [—n, n] with sufficiently small > 0,

[9x(0:Z) = (Vs Z)] < [L(X < x+0) = L(X <x+0)| (¢ |e] + | X —x| sup |96(x)|)
zell

and SUp,4yrc(—n, m.] BllYx(v; Z) — (v Z)]/Jv — v'| = O(1) holds.

For s1,, small enough, ¢, (57,; Z) = (1(X < x+sm,) — 1(X <x))ego(X,A)"1 +0(n,)
and

E[vx (813 Z) Y (tnn; Z)]

3(X,A

= [;;)(()(,’A))?(H(X <x+sn,) — (X <x))(L(X <x+tn,) —L(X < x))} +O0(n?)
and

|:0'§(X, A)

m(ﬂ(){ <x 1) = L(X <x))(L(X <x+tn,) — L(X gx))}

X411, (SAL) 0'2(16 A)
—E —o xAdx]]ls>0,t>0
[ healelAya 1 )

" od(z,A)
VB[ Rl AE] 16 <0, <0
[GS(XA)
go(x, A)?

fxia(@lA) _  fo(x)
9o (va)2 9o (:E,A) ’

fX|A(x]A)] (nn(s At)1(s>0,t>0)—n,(sVH)1(s<0,t < O)) + o(ny).

Since we have

U%(X, A)

n;lE['(/}x(Snn; Z)wx(t'f}n; Z)] - fO(X>E |:gO(X A)

} ((s/\t)Il(s,t >0)— (sVH)L(s,t < 0)),
as desired.

(B5) (B6) (B7): Verifying these conditions is the same as in the classical monotone regression
case.
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SA.2. Primitive sufficient conditions for Assumption MRC (iii). Here we provide
primitive sufficient conditions for Assumption MRC (iii) by focusing on specific estima-
tors i, and g,. As discussed by Westling, Gilbert and Carone (2020), cross-fitting avoids
restrictions on uniform entropy, allowing for a large class of flexible preliminary estima-
tors. Here we use sample splitting to simplify exposition, but the proposed procedure can be
straightforwardly modified for cross-fitting. 5

Suppose there is a separate random sample Z, ..., Z, drawn from the distribution of Z,
which is independent of Zj, ..., Zj,. Preliminary estimators fi,, and g, are constructed from
Z.,...,7Z,. For concreteness, we consider a partitioning-based least squares estimator /i,
(Cattaneo, Farrell and Feng, 2020) and local polynomial kernel-based estimators J?X| An(zla)
and fn(x) of fx|a(z]a) and fo(z) (Cattaneo, Jansson and Ma, 2020; Cattaneo et al., 2024),
from which we construct g, (z,a) = fX‘Am(a:\a)/ﬁl(x).

Let d = dim(A). For simplicity, suppose the support of (X, A’)’ equals [0,1]'*¢. Let
p(z,a) be a k,-dimensional vector of bounded basis functions of order m on S which are

locally supported e.g., splines (see Cattaneo, Farrell and Feng, 2020, for details and examples
of basis functions). We consider the estimator

For the estimator of fx | (7|a), letting ﬁX|A7n(-|a) be an estimator of P[X < -|A = a] spec-
ified below, fX| A n(z|a) is obtained by local polynomial regression:

Fxian(la) = ar%mflz (Fyjan(Xila) — aa(K; — ') Ky (X — )
ucRpP1+!
where p; > 1 is the order of the polynomial basis q;(z) = (1,2/1!,2%/2! ..., 2" /p1!), e
is the conformable unit vector whose [th element is unity, and K (z) = K (z/h)/h for some
kernel function K and some positive bandwidth h. The estimator Fx|a ,(z|a) is constructed
via local polynomial regression of order ps = p; — 1:
n
Fx|an(zla)=e] argminz (1(X; <) — qz(A; —a)’ ) Ly(A; —a)

vER P2 i=1
where, using standard multi-index notation, q2(a) denotes the k,,-dimensional Vector col-
lecting the polynomials a™/m! for 0 < [m| < pp with a™ = a{"" a3y ...a)", |m| =

S0 my. and ky, = PR 1 and Ly (a) = L(a/h)/h? for L(a) =[]}, K(q;) ie.

product kernel. The estimator f,(z) is constructed in a similar manner. First, the empirical

cdf F, of {X;} is constructed and then fn(x) is formed via local polynomial regression:

- 2 -
Fn (x) = e}, argmin Z ( —qi(X; — a;)’w> Kp(X; — x)
wERP1417
where b > 0 is some bandwidth.
Now we state sufficient conditions for Assumption MRC (ii) based on the partitioning-
based series estimator /i,, and the kernel-based estimator g,,.

Primitive Conditions MRC
(1) Zi,...,Z, are independent of Z1,...,Z,.
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(ii) The support of (X, A’)"is [0,1]'+%, and the distribution of (X, A’)’ is absolutely contin-
uous. The Lebesgue density of (X, A’)’ and the conditional variance of Y given (X, A’)
are bounded away from zero and continuous on [0, 1]'7%. 19 is (1 + 1)-times continuously
differentiable on [0, 1]+

(iii)) The vector of basis functions p satisfies Assumptions 2, 3, and 4 of Cattaneo, Farrell
and Feng (2020).

(iv) fx|a(z|a) and fo(z) are p;-times continuously differentiable in =, and fx|a (z]a) is
p1-times continuously differentiable in a.

(v) K is a symmetric, Lipschitz continuous probability density function supported on
[—1,1].

As verified by Cattaneo, Farrell and Feng (2020), (iii) holds for widely used local basis func-
tions such as splines and wavelets.

LEMMA SA-7. Suppose Zl, Zn is a random sample drawn from the distribution of

_d+1

Z and Primitive Conditions MRC hold. In addition, with T,, = n~"logn, k, = O (1, "),

d+1

2p1+d+1 _ 2p1+1 2p,
h=0O(m ) b=0("""), gy + sy = 3 and min{5 20, o=} >

Then, [i,, and gy, described above and F based on the [iy,, gy, satisfy Assumption MRC

2q+1
(iii) with § = min{x, 1 — x} /4. In particular,

(SA.18)  /n sup ‘F (x+v)—T n(x) = Tn(x+0) + [n(x)| < VOp(1) + op(a, ')

v]<

uniformly over V € (0,20].

PROOF. By Theorem 4.3 of Cattaneo, Farrell and Feng (2020),

. knlogn -
sup \M@@-M@ﬁWﬂEO/ : +m+>
(z,a)€[0,1]1+4 n

and by Theorem 1 of Cattaneo et al. (2024),

N
iy
IR
L=
+
>
e
N———

sup ’J?X|A,n(x’a) — fx|a(zla)| = Op
(z,@)€[0,1]1+d

Also, one can show

swﬁ@wﬁmwzop<l%”+w).

z€[0,1] nb
Then, with the specified rate of k,,, h, b,
sup |l (x,a) — po(z,a ]—OIP< 2’"”“),
(z,a)€[0,1]"+4

P1

sup [Gu(,2) ~ go(ara)] = Op (7).
(x,a)€[0,1]1+d

Since min{ g 20, 522} > ok, it follows an b Y2l [7in(Xi, As) — po(Xs, Ay)[* =
OIP(l)’annl 21:1 Z] 1 [in ( Xiy Aj ) NO(XMA )’2 =op(1), andann Zz 1 z|g7L(X27A)
90(Xi, Ai)|? = op(1). Also, by 5y + g g > 3

(SA.19)

sup [fin(w,a) —po(@.a)]  sup Ga(w,a) — golw,a)| = Op (n712).
(z,2)€[0,1]1+4 (x,a)€[0,1]1+d
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Decompose 7, into 71 5, and 7, , where

Y _//In(X>A)

A Z) =1(X < 2)——
Nn(m2) =1(X <) gn(X,A)

~ 1 .
. Yen(z;Z) =1( X<mﬁzlu (X,A;)

and let fkn(x) = %2?21 Y1.n(x;2Z;) for k = 1,2. Define V0, %, k= 1,2 in the same
manner. ) 3
Letting 3,, be the o-field generated by Z1, ..., Z,,

W [Tin(x+0) = Tin(x) = Pia(x+0) 4+ Tia(x)

5

Y — fin(X,A) Y—uo(X,A)>2
Gn(X,A) go(X,A)

<n 'E

(uX§x+vy-uX§@f<

.

< n_lCIEH]l(X <x+0v)—-1(X < X)‘EQ] sup  sup |[gn(z,a) — go(z,a)|?
|lz—x|<|v| a€]0,1]¢

+n 'CE[[1(X <x+0v) - 1(X <x)|] sup sup |fin(z,a)— po(z,a) >
|le—x|<|v| a€[0,1]¢

=op ((nan)fl)
where the inequalities hold with probability one.
Note F27n($) = # Zlgi#jgn ]l(Xz < ac)ﬁn(XZ, AJ) + Op (n’l), and

T R D (X < x4 0) = L(Xs %)) (a(Xi, Aj) — p0(Xi, Aj)) | 3n

n(n—1) 1<i#j<n

<n'Clv| sup  sup |fin(x,a) — po(z,a)|?
lz—x|<|v| a€[0,1]¢

+Cn 2| sup  sup |fin(z,a) — po(z,a)|* =op ((nan) ")
|z—x|<|v| a€[0,1]¢

where we use Hoeffding decomposition and the inequality holds with probability one.
To complete the proof, it suffices to show that there is a sequence of random variables
Al = Op(1) such that for V € (0, a,0],

\/ﬁ‘s‘tg/ ‘IE [fn(x +v) — fn(x) —Th(x+v)+ f’n(x)}gn] <AV
With fa(a) denoting the Lebesgue density of A,
E[Tn(x+v) = Tn(x)[30)
- // (]l(u <x+4v)—1(u< x)) g:EZZZ; [,uo(u,a) — ﬁn(u,a)]fo(u)dqu(a)da

+/(]l(u§x+v)—ﬂ(uSX))/ﬁn(u,a)fA(a)dadU
B[T,(x+v) (x)|3n)

:/(]l(u<x+v)—Il(u<x))/uo(u,a)fA(a)dafo(u)du
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Then, for v > 0,
E[Tp(x+v) = Tp(x) = Tn(x+v) + Tn(x)]35]

i go(u,a)
N /x<u<x+v [/J’n(u,a) B “0(u7a)] [1 o gfL( u, >i| fO(U)fA(a)d(u,a)

A similar expression holds for v < 0. Then, for some fixed C' > 0,

‘E (x4 0) = T (%) = Tp(x +0) + T ()] 3]

SC‘U’ sup sup |ﬁn(xaa) _NO(xvaN sup sup |/g\n(xaa) _QO(xaa)‘
|z—x|<|v[ a€[0,1]¢ |z—x|<|v| a€[0,1]¢

and the desired result follows from (SA.19). O

Remark. Using (SA.18), one can verify the first part of Assumption D i.e., @Xm(l; M) =
Op(1). The second part is easy to verify using standard empirical process theory arguments.

SA.3. Additional example: monotone density function with conditionally indepen-
dent right-censoring. We consider the problem of estimating the density of a non-negative,
continuously distributed random variable with censoring. We use the same notation as in Sec-
tion 5.1 of the main paper. Relative to Section 5.1, we consider the additional complication
of censoring being informative about the “survival time” X i.e., X £ C. With covariates A,
we consider the setting of censoring at random: X | C|A. See van der Laan and Robins
(2003); Zeng (2004) and references therein for existing analysis of this problem. We have

AL(X <) XAz Ao (dulA)
So(X[|A)Go(X|A) _/o So(u|A)Go(ulA)
where Fy(z|A) =1 — Sp(z]A), So(z]A) = P[X > z|A], Go(c|]A) = P[C > c|A], and
Ao(z]A) = [ gf)((zl‘i)) du with f being the Lebesgue density of X. Denote by Sy (-|-),
Gn(-|-), An(+]-) preliminary estimates of Sy, Go, Ag, respectively.

0(%; Z) = Fo(z|A) + So(z[A)

Assumption SA.3. Let &, ®,,£, be sequences of function classes that contain Sy(-|-),
Go(:]-), Ao(+]-), respectively.

(i) x s in the interior of I = [0, ug], X L C|A, and 6§y = fj satisfies Assumption (A2).
(ii) There exist ¢, c1,c2 >0, py € (0,2)such that forn > 1, forany S € &,,, G € &,,, and
A € £,, the following hold: log Ny (e, {S(z|-) :x € I'}) < ce™P fore € (0, 1), where Ny
is as defined in Section 4.2 of the main paper, and ¢; < S(z]|A) < ¢, 1 < G(z|A) < ¢
for z € I, and A(up|A) < co with probability one.

(iii) There exist 6 > 0,3, € [1/2,2) such that for V' € (0,26}, \/na, supj,<y [I'n(x +
) — Tp(x) = Dp(x + ) + T (x)]| < op(1) + VP 0p(a) where op terms do not depend
onV.

(iv) With probability approaching one, S, € &,,, G,, € &,,, A,, € £,,. For (hy,,ho) €
{(Sn> S0)7 (Gn> GO) (ATH AO)}

Zsup]h ho(l“AZ‘)F:OP(l).

i=1 xzel

(v) The conditional distribution of X given A has bounded Lebesgue density fx|a,

Fxia(x/A)
ElG6a)

lim,, o w(n) = 0, and for |z — x|

w(lz —x|)B(A).

] > 0, and there are real-valued functions B,w such that E[B(A)] < oo,

fxia(z|A) fxia(x|A) ‘ <
[A)Go(z[A) ~ So(x[A)Go(x[A)
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The condition (iii) is high-level, and there are a few different approaches to verify them. See
Westling and Carone (2020) for details.

COROLLARY SA-1. Under Assumption SA.3, Assumptions A and B hold with

~ 1~ ~ 1 ¢ _
Ly(z) = n Z'Yn(xS Z;), I'y(z)= n EWi,n’Vn(:m Z;)
=1

=1

-~ ~ % T XAz n u
%(ﬂc%z)—Fn(x]A)—FSn(x\A)[ AL(X <a) - /0 §(An<d A)

Su(X|A)GH(X|A ulA) Gy (ulA) ]

where ﬁn =1- §n

O, (x) =Bk (x) =a, TUp=70"=u,

Ixia(x|A)
Go(x|A)

~ 0fo(x)
INCE

Culs,t) =B [ (sl Al (sign(s) =sign(),  Dy(x)

SA.3.1. Proof of Corollary SA-1. 1In this example, EI;n(:c) = (f);ib
sumptions A and (E1)-(E2) follow from the hypothesis.
(E3): In this example, T, =T',,. For z € I,

V(23 Z) — v0(2;Z) = Fy(z|A) — Fo(z|A)

AL(X < z) _/f“w Ap(dulA) }
Su(X|A)GH(XIA)  Jo Su(ulA)Gn(ulA)

() = x = Po(x). As-

+ [BulalA) - Sa(ala)]|
+ o] A)AL(X <) [(Su(X|A)G(X|A)) ™" = (So(X|A)Go(X[A)) ']

o Xna A, (du|A) B Xna Ao(dulA)
So(z|A) [/0 §n(u]A)én(U‘A) /0 SO(UA)GO(UA)]

/)W An(duld) /XAm Ao(du|A)

0 Sp(ulA)Gn(ulA) Jo  So(ulA)Go(ulA)

< sup (S (2| A)Gn(2'|A)) " = (So(a/|A)Go(a!|A)) "
A (X Az|A) — Ag(X Az|A)
S()(X /\x’A)Go(X /\.’L”A)

and

A (uo|A)

_l’_

An(0JA) — Ag(0]A)
So(0[A)Go(0]A)

X/\x/\
4 / [An(U\A)—AO(U|A)]J0(CZU’A)‘
0

using integration by parts, where Jo(u|a) = [So(u|a)Go(u|a)] L. Thus, there is a fixed C > 0
such that

Fin(:2) ~70(2:2)| < O sup| S, (a1 A) ~ So(x| A)] +sup| G (x| A) ~ Go(a|A)|
S FAS

+su;;|Kn<x\A> — Ao(z|A)]],
TEe
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From the hypothesis,
2
—Zsuphna; Z:) —vo(x;Z:)|? = op(1 Zsup }’ynx Z;) —vo(x Z)! =op(1)
i=1 zel i= 1 T€L
follow.

For uniform covering numbers, it suffices to show that each of {S(z|-) : z € I}, {1(- <
x):x€l}, and { fo/\x #‘(i” : x € I} has an appropriate bound on the uniform covering
number by Lemma 5.1 of van der Vaart and van der Laan (2006) (see examples after the

lemma). For {fo % cx €I} with (S,G,A) € 6, x &, x £,, the mapping x >
fo S ;\' ‘)18 B is monotone (by the non-decreasing property of A and S,G > ¢; > 0) and
Lemma 2.6.18 of van der Vaart and Wellner (1996) implies the desired result.

There is a fixed C' > 0 such that for x € I/,
0(:2) — 00 2)] < C[|S0(alA) ~ So(A)] + CALX <)~ 1(X <]
and using 1 — So(z|-) = [; fx|a(ul-)du with fx s being bounded, we can take
DIZ)=CAL(x—n< X <x+n)+Cn,

which satisfies the desiredA bound cgndition.
(E4) trivially holds since ®,,(z) = @7 (z) = z.
(E5): We have
= = v
So(X|A)Go(X|A)

and the first display follows as in the independent censoring case. For the covariance kernel,

x(v;Z) = So(x|A)

Xn+1n (SAL) A
[, (5705 Z) b, (b1 Z)] = B [So(any/ So(gaﬁg’o(iA) dul(s,t > 0)]
o [ fx|a(ulA) ] 9
“Blsiala? [© At <0 + ot

and 1, B[, (510 Z)tx, (00 Z)] converges to B[ 228 (5] A[¢]) 1 (sign(s) = sign(t)).

(B5S), (B6), and (B7) hold since in this example, u,, = u), = up and <I>n, <I>;; are the identity
map.

SA.4. Additional example: monotone hazard function. Let X be a non-negative ran-
dom variable, fj be its Lebesgue density, and Sy(z) = P[X > z] be its survival function.
We consider the parameter of estimating the hazard function of X, 6y(x) = fo(x)/So(x),
with possible right-censoring as in the monotone density function example. Observations
Zi,...,Z, come from a random sample of Z = (X,A) where X = min{X,C} and
A =1(X < C), C being a random censoring time. As pointed out by Westling and
Carone (2020), with strictly increasing ®¢ with ®y(0) = 0, the function I’y takes the form

To(x) = fy £245-®0(du), and by taking ®o(x) = [ So(u)du, To(x) = Fo(x) = P[X <.

Since I'j is identical to the monotone den51ty case with the choice ¢y = f + So(u)du, we can
leverage the analysis for the monotone density. The interval I equals [0,uf°] where uf® is
ug in the monotone density example. The ug for the monotone hazard function estimation is

up = Po(ufy).
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Consider the case of completely random censoring i.e., X L C. As in the setup for
Corollary 2, let S, ( ) be the Kaplan-Meier estimator for Sy(x) =1 — Fy(z) = P[X > z],
F,=1—5,, and G,, be the Kaplan-Meier estimator for Go(z) = P[C > x]. Also,

AL(X <z) B XAz Ao (du)
Swam b s

"0(%;Z) = Fo(x) + So(x) So(X)Go(X So(u)Go(u)

and ¢o(2;Z) =z — [ ~o(u; Z)du.

COROLLARY SA-2. Suppose that the hypothesis of Corollary 2 and Assumption BW
hold. Then, Assumptions A and B hold with

n

SO(X)aqfo(X).

Culot) = S0 1o A L (sn(s) = sien(0), - D) = P07

Go(x)

SA.4.1. Proof of Corollary SA-2. We use the same 7,, function and assumptions as in
the monotone density setting. Also, the covariance kernels are the same as in the monotone
density case. We focus on (E4)-(E5) and (B5)-(B7).

(E4): Since
6,(0:2) = (0 2) = = [ () = 20(u:Z))du
fzsgprqbn — on(a:20) 2 = 0p(1), a3 sup [ (13 20) — (w20 = (1)
—1 v€l i—1 T€L

follow from a,1>" _1 SUDge 1 An(2;Zs) — ~o(x;Z;)|?, which was verified in Section

SA.1.12. To check sup,; |<I>n( ) — Po(z)| =op (1), sup,er ]% Z?Zl do(x;2Z;) — Do) =
op (1) follows from Glivenko-Cantelli, and

sup lz:[<75n(:10;z) oz ' Zsupm 2;Zi) — yo(w; Zi)| = op(1),

n
zel i—1 1 zel

where the last equality follows from = 3" | sup,c; |n(2; Z;) — v0(2; Z;)|* = op(1). Now
SUD,er 1D, (z) — ®y(x)| = op(1) follows by the triangle inequality.
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For [v| <V

~

@), (x +0) =P (x) — B (x +0) + Bp(x)| = [fn(u)—f‘n(u)]du

<2v|( sup [alx+v)- fn(x) — D(x+0) + Ta(x)] + [T () = Tu(x)])
ol<IV]

Using the argument in Section SA.1.12, we can bound supy, <y T (x4 ) = T (x) = T (x+
v) + T (x)]. Then, \/ﬁ]fn(x) —Th(x)] = Op(1) implies

m‘sllg‘)/ }:I;n(x +v)— @n(x) — P (x+v) + @n(xﬂ <op(l)+VOp (\/cTn)

v

uniformly over V' € (0, 26]. Theorem 1 of Lo and Singh (1986) implies \/nay, sup,c; |y (z) —
Dp(x) — Bp(z) + P (x)| = 0p(1).

The conditions on the uniform covering number hold because 7, and 7,, are bounded (for
%, with probability approaching one) and thus |po(x1;Z) — po(x2;Z)| < C|ry — 22| and
|¢n(x1, Z)— <;5n(a?27 Z)| < Clxy — 22| with probability approaching one. By this Lipschitz
property, the condition on DZ(Z) also holds.

(E5): Let YXP(v; Z) = yo(x + v; Z) — v0(x; Z) — 6y (x)v be the 1y function for the monotone
density. Then, for x sufficiently close to x and |v| small enough,

Y (v;2) =vo(z +v;2) —Y0(x;2) — Op(x)[do(z + v;2) — Po(x;2)]
T+v
" (v; Z) + HO(x)/ vo(u; Z)du = PP (v; Z) + O(Jv)).

T

Then, the same argument as in the monotone density case implies the desired result.

(BS) follows from consistency of </I\’ and (f’*

(B6): 3, ( = [y Fn(u)du, &% (x = [y1- I'* (u)du are non-negative since F, > 0 and
1-— I‘* > 0 wrth probabrhty approachlng one. This property also implies the non-decreasing
property as <I>n, <I>* are 1ntegrals The contrnurty property also follows from the 1ntegral rep-
resentatlon By definition, ®,,(0) = 0 = ®*(0) and ®,,(u!P) = 4, = ¥, = &% («!P) with

I = [0,ufP]. The closedness of the range follows from continuity and I being a compact
interval.

(B7) follows from continuity of @n and &)Z

SA.5. Additional example: distribution function estimation with current status data.
We consider the problem of estimating the cdf of X at x, 0y(x) = Fy(x). Observations
Z,...,Z, come from a random sample of Z = (A,C,A’) where A = 1(X < (), C'is
arandom censoring time, and A is a vector of covariates. In this example, we do not observe
X = X A C. Instead, we observe the censoring time and whether the observation was cen-
sored. This setup is often referred to as current status data. Let Hy(z) = P[C < z] be the
cdf of C. We can use g(z) = [ Fo(u)Ho(du) and ®¢(x) = Ho(z). The interval I is the
support of X and ug = 1. We also assume Hj admits a Lebesgue density hg. The structure
of the estimation problem turns out to be identical to the one for the monotone regression
example, and we can leverage the common structure.
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SA.5.1. Independent right-censoring. First we consider the case of completely at ran-
dom censoring X L C. See Groeneboom and Wellner (1992) for existing analysis. In this
exaple, we do not use covariates A. We set vo(x;Z) = AL(C < z) and ¢o(z;Z) = 1(C <
x). Note that if the notation is mapped by (A, C) <> (Y, X), then these functions are identi-
cal to those of the classical monotone regression problem (Corollary 3). Thus, the following
result is identical to Corollary 3, up to notation and some changes due to boundedness of A.

COROLLARY SA-3. Lete = A — E[A|C] and x be an interior point of 1. Suppose that
Assumption BW holds, 0y = Fy satisfies Assumption (A2), the cdf ®q = Hy satisfies Assump-
tion (A3), and o}(z) = E[e?|C = z] is continuous and positive at x. Then Assumptions A and
B hold with

1 n
=— AL(C < F* inALC <
nz (C <), ;W (C <),
</13n(a:):%211(0<x) <I)* ZWMIL (C<x), u,=1u,=1,
=1 =
ho(X)aqF()(X)

Cls,1) = ho()of () (sl A 1)1 (sign(s) = sign(1), Dl = ="

SA.5.2. Conditionally independent right-censoring. We consider the case where right-
censoring is conditionally independent i.e., X I C|A. van der Vaart and van der Laan (2006)
analyzed this example as well as settings with time-varying covariates. We are focusing on

time-invariant covariates. Define F(C, A) = E[A|C, A] and go(C,A) = % where
hca is a conditional Lebesgue density of C given A and kg is a Lebesgue density of C'. Let

F,(c,a) and g, (c,a) be preliminary estimators for Fy(c,a) and go(c, a), respectively.

Identical to the censoring completely at random case, with appropriate changes in the
notation (i.e., (A,C) < (Y, X)), the setup is equivalent to that of the monotone regression
with covariates.

Assumption SA.5.2. Lete = A —E[A|C, A}, 03(C,A) = E[e?|C,A], and § > 0 be some
fixed number.

(i) ]E[go(jjz))] > 0.

(i1) hC| 4 1s bounded and gq is bounded away from zero.

(iii) There exist random variables A,, = op(1) and B,, = Op(a,ll/ 2) such that

V1ay sup [Tp(x+v) = Tp(x) = To(x+v) + To(x)| < A, + BV, V€ (0,24].

lv|<V

In addition,

Un o ~
?Z|FH(C747AZ)_FO(C'L7A2)|2ZOIP(]‘)’
=1

an n n .
2 > |Fu(Ci, Aj) — Fo(Cy, A) P = op(1),
i=1 j=1
and

Qp - ~
83 13u(Cis Ad) = 90(Cis AP = 0 (1)
=1
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(iv) E[F(A)?] < oo, where
FA) sup [P(EA) = A)

le—c'|<8 |C - Cl|

(v) E[6(A)?] < oo, where, for some function w with lim,,ow(n) =0,

o3 (x, Aho(z) o5 (x, A)ho()
QO(CC?A) gU(X7A)

<w(|lz—x|)a(A), xe[f.

Note that |¢| < 1.
COROLLARY SA-4. Suppose that x is in the interior of 1, 0y satisfies (A2), ®q satisfies

(A3), and Assumption BW holds. If Assumption Assumption SA.5.2 holds, Assumptions A and
B hold with

RN B
= EZVn(wvzz)y ZWznVn T, Z)
=1

=1

ﬁn(ar;Z)—]l(CS:c){AF ZF C,A,) ]

- 1 ~ 1 o
Op(x)=—> 1Ci<a), <I>;‘L(x):EZWi,nIl(Ci§x), U, =15 =1,

n =1 =1
O'2 X X X
Cy(s,t) = ho(X)E {gg((x’AA))] (Is| A lt)L(sign(s) =sign(t)),  Dq(x) = W

SA.5.3. Proof of Corollaries SA-3 and SA-4. As noted above, by mapping the notation
(A,C) + (Y, X), the arguments in Sections SA.1.13 and SA.1.14 directly apply to the cur-
rent status estimators.

SA.6. Rule-of-thumb step size selection. Here we develop a rule-of-thumb procedure
to choose a step size for the bias-reduced numerical derivative estimator in the context of
isotonic regression without covariates. Specifically, we consider the numerical derivative es-
timator

s+1
DBR —(]+1 Z)\BR ff X+Ck€n) f’fn(x)]

withs =3,¢c1 =1,c0 =—1,c3 =2,¢c4 = —2. Then,

2 1
BR BR BR(oy _ _ © _ \BR
NE(1) = L amigy gy = L ey

We use the (asymptotic) MSE-optimal step size discussed in the main paper. See also SA.1.7.
Yet, with the choice of ¢;’s, part of the bias constant ZZ% )\]BR(/{)C?Q equals zero, and we

need to turn to the next leading term of the bias, which is
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Then, letting B5*(x) = 86%‘;(” S, A% (k) ey, the MSE-optimal step size is

BR _ (27 + DVIF() o ~1/11
<2<5j>B§R<x>2) S

€jn =

The bias and variance constants depend on unknown features of the data generating process.
Specifically, B?R(x) depends on the regression function g, the Lebesgue density of X, and

their derivatives at X = x while V?R (x) is determined by the density of X and the conditional
variance of the regression error ¢ =Y — 6p(X) at X = x. To implement the construction of
the step size, we posit a simple parametric model:

5
EY|X]=9 + Z’yk(X —x0)¥, X ~ Normal(,c?)
k=1

where {Y0,71,72,V4,74,75, i, 0 } are parameters to be estimated. Once we estimate the pa-
rameters of this reference model, we can construct a rule-of-thumb step size e?g;r by replacing
B2 (x) and VE*(x) with their estimates. Note that although the bias and variance constant esti-
mators may not be consistent for the true B5*(x) and VE*(x), the rate of ¢35, is MSE-optimal,
and the numerical derivative estimator converges to D;(x) sufficiently fast to satisfy Equation
(11) in the main paper.
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