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Abstract

This paper develops distribution theory and bootstrap-based inference methods for a broad
class of convex pairwise difference estimators. These estimators minimize a kernel-weighted
convex-in-parameter function over observation pairs with similar covariates, where the similarity
is governed by a localization (bandwidth) parameter. While classical results establish asymptotic
normality under restrictive bandwidth conditions, we show that valid Gaussian and bootstrap-
based inference remains possible under substantially weaker assumptions. First, we extend the
theory of small bandwidth asymptotics to convex pairwise difference estimation settings, deriving
robust Gaussian approximations even when a smaller-than-standard bandwidth is used. Second,
we employ a debiasing procedure based on generalized jackknifing to enable inference with
larger bandwidths, while preserving convexity of the objective function. Third, we construct
a novel bootstrap method that adjusts for bandwidth-induced variance distortions, yielding
valid inference across a wide range of bandwidth choices. Our proposed inference method
enjoys demonstrably greater robustness, while retaining the practical appeal of convex pairwise

difference estimators.
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1 Introduction

Suppose z1,...,%Z, is a random sample from the distribution of a random vector z. This paper

studies the large-sample properties of the following convexr pairwise difference estimator:

—1
~ n 1 u
9, ‘ o2 OVK (wi—wi),  Kyu) = —K (2, 1.1
Earggergln <2> ;m(z z;;0)Ky, (w; — w;) n(u) o (h) (1.1)

where © C R¥ is a parameter space, ZKJ- denotes 2?22 Zg;ll, (z,2z) — m(z,2;0) is a permuta-
tion symmetric function, K is a symmetric, non-negative kernel, h,, is a positive bandwidth (or
localization) parameter sequence, w is a continuously distributed d-dimensional subvector of z,
and where 6 — m(z;,2;;60) is a convexr function. Pairwise difference estimation, which relies on
local comparisons between observation pairs, has been used to address heterogeneity in nonlinear
models. See Powell (1994), Honoré and Powell (2005), and Aradillas-Lopez, Honoré, and Powell
(2007) for overviews, and Section 2 for three motivating examples.

In contrast to classical extremum estimators, é\n is a local M-estimator that employs observation
pairs (7,7) for which w; and w; are similar. The bandwidth h,, governs the degree of similarity:
When h, — 0 (as n — o0), the estimator increasingly focuses on nearly-identical-in-w pairs. In
turn, focusing on such pairs is natural in settings where identification can be based on the condition
w; ~ w; (combined with smoothness assumptions). The localization introduces a familiar trade-off
for estimation and inference: A smaller h,, reduces bias from dissimilarity between w; and w;, but
increases variance due to fewer usable pairs. As a consequence, the large-sample behavior of én
depends critically on a delicate bias-variance trade-off determined by h,,. This paper develops novel
inference methods for convex pairwise difference estimators that are demonstrably more robust to
bandwidth choice than existing methods.

Under regularity conditions and assuming that
d 4
nh, — 0o and nh, — 0, (1.2)

the pairwise difference estimator é\n is known to be asymptotically linear:
~ 1 &
V(8 — 8g) = NG > bo(2i) + 08(1) ~ N(0, Eltho(2)3b0(2)']), (1.3)
i=1

where 6 is the estimand, t(-) is an influence function (whose exact form is given below), and
where ~~» denotes weak convergence. Moreover, the nonparametric bootstrap approximation to the

distribution in (1.3) is consistent in the sense that
V(8] = 8,) 2 N(0,E[tho(2)30(2)']), (1.4)

where é\fl is the bootstrap analogue of én and where ~~p denotes weak convergence in probability.



The main results of this paper generalize (1.2)-(1.4) by combining three ideas:

1. Small Bandwidth Asymptotics. Utilizing the framework introduced by Cattaneo, Crump,
and Jansson (2014a), we obtain a Gaussian distributional approximation for the pairwise
difference estimator without imposing the condition nh% — oo, thereby allowing for higher
levels of localization. This generalized distributional approximation shows in particular that,
while the localization restriction nhfl — 00 is necessary for establishing asymptotic linearity,
a valid Gaussian approximation can be obtained under the substantially weaker condition
thfL — 00, albeit with a convergence rate (and approximate variance) that depends explicitly

on the level of localization used.

2. Debiasing. Following Honoré and Powell (2005), we debias the pairwise difference estimator
using the method of generalized jackknifing introduced by Schucany and Sommers (1977).
Doing so allows for (larger) bandwidths that violate the bias condition nh: — 0. The same
goal could be achieved by replacing the (second-order) kernel K with a higher-order kernel,
but a higher-order kernel annihilates the convexity of the objective function because higher-
order kernels take negative values. In contrast, generalized jackknifing retains the convexity
of objective functions, which in turn is attractive for both theoretical (weaker regularity

conditions) and practical (faster computation) reasons.

3. Bootstrapping. Building on insights from Cattaneo, Crump, and Jansson (2014b), we develop
a valid bootstrap-based distributional approximation for the debiased pairwise difference es-
timator by rescaling the localization parameter. The nonparametric bootstrap distributional
approximation exhibits a mismatch in its asymptotic variance under small bandwidth asymp-
totics. The mismatch is characterized by a known multiplicative factor involving the local-
ization parameter h,. As a result, bootstrapping the (debiased) pairwise difference estima-
tor with a different localization parameter (namely, 3'/?h,, rather than h,) leads to a valid

bootstrap-based inference procedure also under small bandwidth asymptotics.

In combination, these three ideas enable us to offer a novel resampling-based inference method
for (convex) pairwise difference estimators that is demonstrably more robust to the choice of the
localization parameter h,, than methods based on (1.2)-(1.4).

Our theoretical work is carefully developed to retain and leverage convexity of the objective func-
tion defining the pairwise difference estimator. This feature not only allows for fast implementation
of the estimator and resampling-based methods, but also enables us to proceed under relatively
weak conditions when obtaining theoretical results. When developing our theoretical results, we
rely heavily on the foundational work of Hjort and Pollard (1993) and Pollard (1991), which we
apply to the case of U-processes.

This paper is connected to several strands of the literature. Contributions to the pairwise differ-
ence estimation literature include Ahn, Ichimura, Powell, and Ruud (2018), Ahn and Powell (1993),
Aradillas-Lopez (2012), Blundell and Powell (2004), Hong and Shum (2010), Honoré (1992), Honoré,
Kyriazidou, and Udry (1997), Honoré and Powell (1994), Jochmans (2013), Kyriazidou (1997), and



Powell (2001). The theoretical and practical features of small bandwidth asymptotics, and their
connection with resampling methods for inference, are discussed in Cattaneo, Crump, and Jansson
(2010, 2014a,b), Cattaneo, Farrell, Jansson, and Masini (2025), Cattaneo and Jansson (2018, 2022),
Cattaneo, Jansson, and Newey (2018), Matsushita and Otsu (2021), and references therein. The
generalized jackknife has been successfully used for debiasing in density weighted average derivative
estimation (Powell, Stock, and Stoker, 1989), asymptotically linear pairwise difference estimation
(Honoré and Powell, 2005), nonlinear semiparametric estimation (Cattaneo, Crump, and Jansson,
2013), monotone estimation (Cattaneo, Jansson, and Nagasawa, 2024), and random forest estima-
tion (Cattaneo, Klusowski, and Underwood, 2026), among other settings. Shao and Tu (2012) give
a textbook introduction to jackknifing, bootstrapping, and other resampling methods.

The rest of the paper proceeds as follows. Section 2 introduces the three examples that are
used throughout the paper to motivate our work and to illustrate the verification of the high-level
assumptions imposed. Section 3 presents our main results. The proofs of these results are given
in Section 4. Section 5 revisits the three motivating examples and gives primitive conditions under
which these examples are covered by our general theory. Simulation evidence is reported in Section

6. Section 7 gives final remarks.

2 Motivating Examples

We use three examples to motivate and illustrate our work. The first example involves an estimator
that can be written in closed form (because it has a quadratic-in-0 function m(z;,z;; @)), while the
other two examples do not. The second example has a smooth-in-6 function m(z;,z;; 0), while the
third example does not. All three examples have convex-in-6 functions m(z;,z;;0) and employ
the following notation: z; = (v;,x},w})’, with y; a scalar outcome variable, x; a k-dimensional
covariate, and w; a d-dimensional covariate. For more details on the examples, see Powell (1994),
Honoré and Powell (2005), and Aradillas-Lopez et al. (2007).

2.1 Partially Linear Regression Model

The partially linear regression model is of the form
yi = x;00 +v0(Wi) + €,

where 60 is the parameter of interest, vo(-) is an unknown function, and where E[g;|x;, w;] = 0.

Defining v; ; = y; — y; and X; ; = X; — X;, a pairwise difference estimator of 6y can be based on

1 . )
m(zi,z;0) = mprr(2i,z5;0) = 5(%,]‘ —%;;6)%.



Setting © = R¥, the minimization problem in (1.1) admits a closed form solution (provided that a

non-negative kernel function is used), namely
-1
On = | D i g% i Kn, (Wi —=wy) | D kit i K, (wi — wj).

i<j 1<j
2.2 Partially Linear Logit Model
The partially linear logit model studied here is of the form

yi = 1{x;00 + v0(w:) +&; > 0},

where 6y is the parameter of interest, vo(-) is an unknown function, and where

exp(u)

Plei < ulx;, w;] = A(u), A(u) = T+ exp(a)

The parameter 6 can be estimated using a pairwise difference estimator with © = R* and
m(z;,2;0) = mpLL(2i,25;0) = —1{y; ; # 0} (yl In A()’(;JH) +y;ln A(—X;’JH)) .

The minimization problem in (1.1) does not admit a closed form solution, but it is convex (provided
that a non-negative kernel function is used) because u — —In A(u) is.
2.3 Partially Linear Tobit Model

The partially linear censored regression model studied here is of the form
y; = max{x;0y + yo(w;) + &;,0},

where 6 is the parameter of interest, vo(+) is an unknown function, x; L &;|w;, and the conditional
distribution of ¢; given w; admits a Lebesgue density. A pairwise difference estimator of 8y can be

obtained by setting © = R¥ and employing

m(2;,2;;0) = meir(2i, 2;; 0) = 1eLr (2, 253 0) — e (2i, 255 0),
where
lvil = ("‘2,3-9 + yj) sgn(y;) if X;,0 < —y;

ly;| + (:’cg,j(? — yz) sgn(y;) if yi <% ,0

Because mpr1(2i,2;5;0) does not depend on 6, its presence in mprr(2;,2;;0) does not affect the

minimization problem defining the estimator. Nevertheless, it is theoretically attractive to work



with mppr rather than mprr, as doing so allows for weaker regularity conditions for the existence of
the expectation of the objective function.

For future reference, we note that mprr admits the alternative representation

Yij — X;VJH‘ — %41 if y; >0,y; >0

A e L I
prT(%4,25;0) = _

max{y; +x; ;0,0} —y; ify; =0,y; >0

0 ifyi:(),yj:()

The function 6 — mprr(2z1,22;0) is convex and therefore so is the minimization problem in (1.1)

(provided that a non-negative kernel function is used).

3 Distributional Approximation and Bootstrap Inference

As is standard in the literature, we generalize (1.1) slightly and define our estimator 6,, = 8,,(hy,)

to be any approximate minimizer of ]\/4\n (0; hy,), where

M,(0:h) = <”> - N m(zi, 25 0) K (wi — w;)).

2 —
1<)
To be specific, we require

—_ o~

M, -h) < inf M,(6: -1y,
n(On(h); h) < 012@ n(0;h) +op(n™")

The objective function ]\/4\n is a sample counterpart of the function M given by
M(@;h) =E [1\7”(9; h)} — E [m(21, 22; 0) K (w1 — w2)] .

Under regularity conditions, this function approximates, as h |} 0, a function My, which (does not
depend on K and) admits a unique minimizer, namely the parameter of interest 6.

For the purposes of analyzing én it is convenient to define 8,, = 0(h,,), where

0(h) € argmin M (60;h)
0co
is interpretable as a (fixed-h) “pseudo” parameter. With the help of 6,, we can decompose the
estimation error §n — 6y into a (non-stochastic) “bias” component 8,, — 6y and a “noise” component
én — 6,,. Each component can be analyzed separately and in both cases the analysis will leverage

convexity.



3.1 Regularity Conditions

The following assumption guarantees, among other things, that 6,, is well defined for large n and

that the bias component 8,, — 6y vanishes asymptotically; for details, see Lemma 1 of Section 4.1.
Assumption 1. (i) The kernel function K is a symmetric, bounded probability density.

(ii) © C R* is convex, (z,z) + m(z,%;0) is permutation symmetric, and 6 +— m(z1,22;0) is

convex with probability one.

(iii) The distribution of w admits a Lebesgue density fy, which is bounded and continuous on its

support W.

(iv) For each 6 € ©,

E | sup |[E[m(z1,22;0)|w1i, Wa]|fw(Wa)| < 00
woEW

and (with probability one)

lin})E[m(zl, z2;0)|lw; = w,wy = w + u] = E[m(z1,22;0)|w; = w,wy = w|.
u—

(v) On O, the function My given by
My(0) = / E[m(z1,22;0)|w; = w,wy = w]fw(w)de
w

is uniquely minimized at an interior point 6.

The next assumption enables us to analyze the asymptotic properties of the noise component
6,,—6,,. To accommodate examples (such as the partially linear Tobit model) where 8 — m(z;, z;; 0)
is not fully differentiable, we assume the existence of derivative-like functions s(z;,z;;0) € RF and
H(w;,wj;0,t) € R**% such that, for any direction t € R¥, the (remainder) terms

m(z1,292;0 + t17) — m(z1,22;0)

re(0,7) = —s(z1,22;0)'t

T

and
Elri (0 1
Rt(0>7—) = [rt( ’T)|W1’W2] - it/H(Wl)W%eat)t
T

are suitably small for @ near 6y, 7 > 0 near zero, and wi ~ wo. As further discussed below,
functions s and H satisfying the following assumption exist (and are relatively easy to find) in each

of our motivating examples.



Assumption 2. (i) For each t € R¥, there is some J > 0 such that

E sup |E[r¢(0, 7)|21, wa]| fw(W2)2] < 00,
_76(076)7H9_00H<57WQEW

E sup E[Tt(0,7)2’W1,W2]fW(W2)] < o0,
| 7€(0,8),10—80]| <5, w2EW

E sup |R:(0,7)| fW(WQ)] < 00,
| 7€(0,8),0—80]| <5, w2 W

and (with probability one)
lim E[r(0,7)|z1 =2z,wa =w+u] =0,
T\l/ov(evu)*)(eoi))

lim E[r¢(8,7)%|wi = w,wo = w + u] = 0,
T\l/ov(evu)*)(eoi))

lim E[R¢(0,7T)|w1 = w,ws = w + u] = 0.
710,(0,u)—(60,0)

(ii) There is some § > 0 and some function b with

sup [ls(z1, 22: 0)|] < b(z1)b(zs),

[|6—6¢||<
such that
E[b(z)*] + sup E[b(z)*|w]fw(w) < 0o
wew
and
E sup |IH (w1, wo;0,t)| fw(ws2)| < oo for each t € R¥.

|6—00|| <6,wa2EeW

(iii) There exist functions G, &y, and Eg such that, for each t € R* (and with probability one),

lim H(w,w+u;0,t) fw(w) = Go(w),
O 20000 T ) far(W) = Go(w)

(9711)11_?89070) —2E[s(z1,22; 0)|21 = 2, Wy = W + u] fw(W) = &o(2),

and

_lim E[s(z1,22; 0)s(21,22;0) |w1 = W, ws = W + u] fw (W) = Eg(w).
(6,6,u)—(80,00,0)

(iv) Tp = E[Go(w)], Xo = E[€0(2)&0(2)'], and E[Ep(w)] are positive definite.



3.2 Small Bandwidth Asymptotics

Defining

n

V, =V (h,) =T;? 0

717120 + (
Ra

) hndAo(K)] L', A(K)=EE(w)] [ K*(u)du,

and letting ®; denote the distribution function of a k-dimensional standard Gaussian random

vector, we have the following result.

Theorem 1. Suppose Assumptions 1 and 2 hold. If n®h% — oo and if hy, — 0, then

sup
teRF

P [V;W(én —9,) < t} - @k(t)‘ 0.

Under the assumptions of Theorem 1, the convergence rate of §n — 0, is given by the magnitude

e o ().

Provided that the bias is “small” in the sense that p,||@, — 0y|| — 0, Theorem 1 therefore encom-

of Vi, 1/ 2, namely

passes the following three distinct large-sample regimes:

e Asymptotic Linearity: If nhe — oo, then \/ﬁ(én — 6p) satisfies (1.3) with 99 = I';'€&. In
particular, \/ﬁ(én — 0p) converges in law to a centered Gaussian distribution with variance
. -1 -1
nh—>Holo nVy(h,) =T) 3L
e Root-n Consistency without Asymptotic Linearity: If nhe — 2¢ € (0,00), then é\n is not
asymptotically linear, but it is /n-consistent, \/ﬁ(é\n — 60p) converging in law to a centered
Gaussian distribution with variance

1
lim nV,(h,) = Ty* [20 + AO(K)] T,
C

n—oo

e Slower than Root-n Consistency: If nh% — 0 (but n?h¢ — 00), then 6, is neither asymptoti-
cally linear nor y/n-consistent, but \/n2hd/ 2(§n —0p) converges in law to a centered Gaussian

distribution with variance

: n\,d —1 —1
nh_)IIOIO <2>thn(hn) =T Ag(K)T';".
The small bandwidth component (i.e., the term involving Ay(K)) in V,, captures the additional
estimation uncertainty generated from increasing the localization of the observation pairs. Incor-

porating this component in the approximate variance is key to enabling us to replace the condition



nhl — oo by the weaker condition n?h% — oo when obtaining a Gaussian approximation. As
demonstrated by Cattaneo et al. (2025) in a related context, incorporating the small bandwidth
component can furthermore lead to a more accurate distributional approximation (in a higher-order

asymptotic sense) even under asymptotic linearity.

3.3 Debiasing

In Theorem 1, we centered the estimator 0An = é\n(hn) at 8, = 0(hy) to circumvent bias issues. This
section focuses on the bias term 6,, — 8y and introduces an automatic debiasing approach under the
assumption that 8,, — 8y can be expanded in even powers of h,. To be specific, we follow Honoré

and Powell (2005, Section 3.3) and discuss debiasing under the following high-level condition.
Assumption 3. For some even S > 0, 6(-) admits by, € R¥ (for [ = 1,...,S/2) such that

s/2
0(h) — 60 = > byh® +o(h%)  ash 0.
=1

The ease with which Assumption 3 can be verified depends on the magnitude of S. For instance,
Assumption 1 implies that Assumption 3 holds with S = 0. Under additional smoothness conditions
and using symmetry of K, the following result gives conditions under which Assumption 3 holds

with S = 2. When stating the result, we employ the following standard multi-index notation: for

v=(v,...,vq) €24, W= (w1,...,0) € R and a sufficiently smooth-in-w function f(w,w),

y ~ vl B d
O f(w, W) = mf(wvw)a v —;Vj‘

Proposition 1. Suppose Assumptions 1-2 hold and that
(i) [galal>K(u)du < co, and

(ii) with probability one, w — @(w,w) = E[s(z1,22;00)|w1 = W, wy = W|fw (W) is twice contin-

uously differentiable with E[supgeyy [|0%@(w, W)||] < oo for all v € Z4 with |v| < 2.

Then 6(-) admits a by € R¥ such that
6(h) — 6y = bah? + o(h?) as h | 0.

The proof of Proposition 1 leverages convexity and may therefore be of independent interest.
The convexity argument in question can furthermore be adapted to form the basis of a verification
by induction of Assumption 3 with S > 2. Details are provided in Section 4.4, which describes the
induction step for general S and states explicit (smoothness) conditions under which Assumption
3 holds with S = 4.



To describe the debiasing procedure based on generalized jackknifing, we maintain Assumption
3, define ¢y = 1, choose a non-negative integer L, and let ¢ = (cy,...,cr)" be a vector of (distinct)

positive constants such that the following vector is well defined:

Xo(c) 1 1 ... 1\7' .
Ai(c) 1 2 ... c% 0
Ar(c) 1 3k A 0
The debiased estimator is
~ ~ L o~
0, = en(ca hn) = Z )\l(c)en(hn,l)y hn,l = cihn,
=0

the construction of which involves solving L + 1 convex optimization problems. As defined, the
debiased estimator is a generalization of the original pairwise difference estimator because if L = 0,
then ¢ = 1 = \g and therefore 5n = §n

The next theorem generalizes Theorem 1 by establishing the small bandwidth Gaussian approx-

imation for én To state the theorem, let

L
0, = 0,(c,hn) =>_ N(c)0(hn,)
=0
and
n -1 L
V= Va(c,hy) =T [n7120 + (2) hy'A(K)| Ty, K(u)=K(uic) = A(c)Kq(u).
=0

As they should, the expressions have the feature that if L = 0, then 8,, = 6,, and V,, = V,,.
Another noteworthy feature of the expressions is that debiasing via generalized jackknifing affects

the variance V,, only through the kernel shape entering its small bandwidth component.

Theorem 2. Suppose Assumptions 1 and 2 hold. If n?h% — oo and if hy, — 0, then

sup [P [V;W(én —0,) < t} - cpk(t)| 0.
teRF

L+1)

As a consequence, if also Assumption 8 holds with S > 2L + 2, and if nhi( — 0, then

sup
tcR¥k

P [V;l/Q(én —9) < t] - (I)k(t)’ 0.

The magnitude of V,, 1/2 is the same as that of V,, 1/2

of §n following Theorem 1 therefore applies to gn, the only noteworthy difference being that (by

. With obvious modifications, the discussion
design) the relevant “small bias” condition is different (and typically milder) in the case of 0,,.

10



When L = 0 (i.e., one uses the original pairwise difference estimator), the second part of Theorem
2 imposes nh — 0, which coincides with the standard small bias condition in (1.2), while the first
part of the theorem still accommodates the small bandwidth distributional approximation.

It is worth noting that for L > 1, the equivalent kernel K is of higher order, even though the
debiased estimator §n only employs estimators constructed using second-order kernels, thereby
retaining the desired convexity for implementation. To be specific, if [pq [[ul?/ 2K (u)du < oo,
then K is of order 2L + 2 because

L L
K(u)du=)_ )\l(c)/ Keo(wdu=>Y " X\(c)=1
R? 1=0 IRE 1=0
and, for v = (v1,...,14) € Z4 with 0 < |v| < 2L +1,
L L
/ u’ K (u)du = Z Ai(c) / u’ K, (u)du = Z )\l(c)cyjl u”K(u)du =0,
Re 1=0 R 1=0 R

where the last equality uses the defining property of {\;(c)} and symmetry of K, and where u”
i .
denotes [j_, u? for u = (u1,...,uq) € R%

3.4 Bootstrapping

To develop feasible inference procedures that do not require (explicit) estimation of V,, we consider
nonparametric bootstrap-based approximations to the distribution of 5n (Since §n = OAn when
L = 0, results for én can be extracted by setting L = 0 in what follows.)

*

Letting zj ,, ..., %, , denote a random sample from the empirical distribution of z1, ..., z,, the

defining property of é\;(h), the nonparametric bootstrap analogue of §n(h), is the following:
M;(6;(h);h) < inf M (0;h) + op(n ™),
€

where

-1

— n * * * *

W00 = () Yomlsi 2 )R, — w3,
1<j

Similarly, the nonparametric bootstrap analogue of 5n is

The following theorem characterizes the large sample properties of 5’5 — gn, the bootstrap coun-
terpart of gn —0,,. In perfect analogy with the results in Cattaneo et al. (2014b), we find that
the bootstrap distribution estimator is consistent only when nh¢ — oo, but otherwise exhibits a

variance inflation making the distributional approximation inconsistent. To state the result, let

11



P*[-] denote P[-|z1, ..., 2y, let —p denote convergence in probability, and define

Vi =Vi(c, hy) =T5!

-1
n~ 13y + 3 (Z) h;dAO(K)] |

Theorem 3. Suppose Assumptions 1-2 hold and that, for 6 near 6y (and with probability one),
m(z,2;0) =0 and s(z,2;0) = 0. If n>he — co and if h, — 0, then

sup
tcRk

P* [\7;;—1/2(5;; ~6,) < t} - @k(t)‘ —p 0.

Because V- 'V* — I if and only if nh¢ — oo (where I, denotes the k-dimensional identity

matrix), under the assumptions of Theorem 3,

sup
teRk

P* {ég—éngt] —P[én—éngt” )
if and only if nh¢ — co. In particular, if lim inf,, nhfl < 00, then the nonparametric bootstrap is
inconsistent, albeit conservative in the sense that the (approximate) variance under the bootstrap
distribution is larger than the (approximate) variance of the asymptotic distribution: V} > V,, in
a positive definite sense.

The variance inflation problem associated with the nonparametric bootstrap under the small
bandwidth regime can be easily fixed by appropriately rescaling the bandwidth used for the boot-

strap implementation of the pairwise difference estimator. Employing

L
0, =05 (c.hn) = ()85 (3"
=0
and centering its distribution at
L o~
0, = 6(c,hn) = > X(c)0n (3" Ny,)
=0

automatically adjusts the bootstrap variance, leading to a consistent distributional approximation.

Indeed, the following result is an immediate consequence of Theorems 2 and 3.

Corollary 1. If the assumptions of Theorem 3 hold, then

sup |P* [é;;—éngt} —P{én—éngt} —p 0.
teRF
As a consequence, if also Assumption 8 holds with S > 2L + 2, and if nhi(LJrl) — 0, then

sup |P* [é;;—éngt} —P[ﬁn—oogt} —p 0.

tcR¥

12



The statement of Corollary 1 emphasizes the rate-adaptive nature of the consistency property

enjoyed by the bootstrap distributional approximation.

3.5 Discussion

Our results provide a simple practical message: bootstrap-based inference for convex pairwise dif-
ference estimators is highly sensitive to bandwidth choice under conventional implementations, but
this sensitivity can be substantially reduced by combining debiasing with a bandwidth rescaling.
In particular, the classical bootstrap is valid only over a relatively narrow range of bandwidth
sequences, whereas generalized jackknifing enlarges the set of admissible large bandwidths, small
bandwidth asymptotics justifies an implementation enlarging the set of admissible small band-
widths, and the combination of the two yields the broadest range of valid inference.

To summarize these conclusions, suppose S > 2L + 2, let € (0,1) and a € RF be fixed, and
consider the following family of percentile bootstrap confidence intervals (in the terminology of
van der Vaart, 1998) for a’6y:

n,l—a

. (B,L) = [afén(c,hn) — T ajon(Bha, L), a8,(c,hy) — T, /Q’n(Bhn,L)],
where
G n(h, L) = inf {q €R: P[0 (c,h) — a'0,(c,h) < q] > t} .

The notation highlights the two tuning parameters that vary across the different inference proce-
dures: given a choice of bandwidth h used in the point estimator, the scaling constant B used
in the bootstrap approximation and the debiasing order L = dim(c) — 1, which together with ¢
determines the generalized jackknife weights.

To sharpen the practical interpretation of these conclusions, it is useful to view each procedure
through its coverage function

CFni-a(B,L)=P[a'6y € CI},, (B,L)].

Our theory implies that the main differences across procedures can be understood in terms of how
CFp1—a(B, L) behaves as the bandwidth sequence moves from the small-bandwidth region to the
large-bandwidth region. In particular, the classical bootstrap tends to become conservative when
the bandwidth is too small, because the bootstrap variance is no longer correctly matched under
small bandwidth asymptotics, and it tends to undercover when the bandwidth is too large, because
smoothing bias becomes non-negligible. Debiasing mitigates the latter problem by shifting the onset
of bias-driven undercoverage toward larger bandwidths, whereas bootstrap rescaling mitigates the
former problem by restoring correct variance matching in the small-bandwidth region. Combining
the two therefore produces the flattest coverage profile, in the sense that the coverage function

remains close to its nominal level over the widest range of bandwidth sequences.

13



We formally compare the four implementations, ordered from the conventional procedure to our

recommended method.

e Classical Method. This corresponds to (B, L) = (1,0). If Assumptions 1-3 hold and
nhd — 0o and nhi — 0,
then

lim P [a'6y € ClI}, ;_,(1,0)] =1 —a.
The admissible range of bandwidth sequences is narrow, and requires d < 4. In terms of the
coverage function, the classical percentile bootstrap has two distinct failure modes. When
the bandwidth is too small, so that nh? is no longer large while n?h% — oo still holds,
the procedure becomes conservative: CF,, ;1_,(1,0) rises above its nominal level because the
bootstrap variance is too large relative to the sampling variance. When the bandwidth is
too large, so that the bias condition fails, CF, 1_4(1,0) falls below its nominal level because
smoothing bias is no longer negligible. Thus, the classical method delivers accurate coverage

only over a narrow range of bandwidth choices.

o Classical Debiased Method. This corresponds to (B, L) = (1, L) for some L > 1. If Assump-
tions 1-3 hold and

nhd — oo and nhi(L'H) — 0,
then

lim P @6y e Clyy (1,L)] =1—o.
The range of allowable bandwidth sequences is wider on the large-bandwidth side than for
the classical method, and requires d < 4(L + 1). Relative to the classical method, debiasing
leaves the small-bandwidth behavior essentially unchanged: if the bandwidth is too small, the
procedure may still be conservative because the bootstrap variance mismatch remains. Its gain
is instead on the large-bandwidth side, where the onset of bias-driven undercoverage is pushed

(L+1)

outward from the nh? scale to the weaker nhé scale. Consequently, CF,, 1_(1, L) stays

close to nominal coverage over a wider range of large bandwidth sequences than CF,, 1_,(1,0).

e Small Bandwidth Method. This corresponds to (B,L) = (3'/4,0). If Assumptions 1-3 hold

and

n?hd — 0o and nhy — 0,

14



then

1mmﬂy%ecka§Nﬁﬂ=1—a
n—oo

The range of allowable bandwidth sequences is wider on the small-bandwidth side than for the
classical approach, and requires d < 8. Relative to the classical method, bootstrap rescaling
corrects the variance mismatch responsible for small-bandwidth conservativeness. As a result,
CFhi-a (31/ 4 () remains close to its nominal level throughout the admissible small-bandwidth
region. Its limitation is on the large-bandwidth side: because the procedure is not debiased,

coverage still deteriorates once the bias condition nhi — 0 fails.

e Small Bandwidth Debiased Method. This corresponds to (B, L) = (3'/%, L) for some L > 1.
If Assumptions 1-3 hold and

thZ — 00 and nhﬁ(L'H) — 0,
then

lim P |a'8y € CI (f@Lﬂzl—w

n—00 nl-a

The range of allowable bandwidth sequences is the widest among the four procedures, and
requires d < 8(L + 1). This method combines the two improvements described above. On
the small-bandwidth side, bootstrap rescaling removes the variance mismatch that would
otherwise induce conservativeness. On the large-bandwidth side, debiasing delays the onset
of bias-driven undercoverage. Accordingly, CFnjl_a(Sl/ 4 L) remains close to its nominal level

over the broadest range of bandwidth sequences considered in this paper.

Figure 1 presents a schematic plot summarizing the main theoretical conclusions. Overall, the
comparison suggests a clear practical recommendation: bootstrap inference based on small band-
width and debiasing corrections provides the most robust coverage accuracy as a function of band-
width choice. Thus, for empirical settings where bandwidth choice is uncertain or data-driven, this

method provides the most reliable default.

4 Proofs and Other Technical Results

4.1 A Useful Lemma

The following lemma is used in the proofs of Theorems 1-3.

Lemma 1. Suppose that Assumption 1 holds. Then argmingcg M (0;h) is non-empty for h > 0
near zero and
0(h) — 60y =o(1) as h | 0.

If also Assumption 2 holds, then E[s(z1,2z2;0(h))Kp(wi —w2)] = 0 for h > 0 near zero.
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Figure 1: Schematic coverage functions for four bootstrap confidence interval procedures.

Proof. For every 8 € O,
M(0;h) = / / E[m(z1,22;0)|lwi = w,wo = w — uh] fw(W) fw (W — uh) K (u)dudw
w JRd
- / E[m(z1,22;0)|w1 = W, wa = W] fo(w)’dw = Mo(0)  as h |0,
w

the convergence being uniform on compact subsets of © because 8 — M (0; h) is convex (e.g., Hjort

and Pollard, 1993, Lemma 1).
Take any € > 0 with O = {0 € R* : ||@ — 0g|| < e} C ©. By the preceding paragraph,

sup |M(0:5) — Mo(8)| < = (i Mo(8) — Mo(60)
SCH 2 \6:(|6—60]|=¢
0

for h > 0 near zero. For any such h and any 8 € © \ Of, we have

€
e = ——— € (0,1),
10 — 6o
and therefore, by convexity of 8 — M (6; h),
M(ego + (1 - 69)0{); h) S egM(a; h) + (1 — 69)M(00; h),

which rearranges as

M(0;h) — M(80;h) > ;[M(EQO + (1= eg)B0: h) — M(64; h)] > 0.
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As a consequence,

inf M(0;h) = inf M(60;h) = min M(6;h),
co 0cO; 0c6;

where the last equality uses continuity of @ — M (8;h) and compactness of ©f.

The above argument shows in particular that 8(h) € ©f for h > 0 near zero.
If also Assumption 2 holds, then, for @ near 6y, h > 0 near zero, and for any t € R¥,

M@ +tr;h) — M(6;h)

T

— E[s(z1,22; 0) K (w1 — w2)|'t| < [E[re(6, 7) Kp (w1 — w2)]|

— 0 as 710,
implying that for h > 0 near zero, @ — M (0;h) is (directionally) differentiable near 6y, the
directional derivative E[s(z1, z2; 0) K (w1 —w2)]'t being zero when 8 = 0(h) because 6(h) minimizes
M(6;h). O
4.2 Proof of Theorems 1 and 2

Theorem 1 can be obtained from Theorem 2 by setting L = 0 in the latter, so it suffices to prove
Theorem 2. To do so, for I € {0,...,L}, let 5,171 = én(hn,l), 0., = 0(hy,,), and

1
-~ n
U, = (2> Z s, 1(2i,2j), Sy, 1(2i:25) = 8n.1(2i,2;) — E[sn(21,22)],
i<j
where
Sni(Zi, 2j) = 8(2i, 25 0n1) K, ,(W; — wW;j).

By Lemma 1, lim,, o 0,,; = 0y and E[s,, ;(z;,2;)] = 0 for large n.

Suppose that

0,1 — 0, = —T5' U,y +op(p,') for 1€{0,...,L}. (4.1)
Then
6, — 6, = —T3'U, + op(p; 1),
where
~ L A~
Un = Z )\Z(C)Uml
1=0
satisfies
1 —1/2
n~ 1%y + (g) h;dAO(K)] U, ~ N(0px1, 1) (4.2)
because, letting >, denote » 1" |,
ﬁn = f‘n + an
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where

L
L= Y hlm) () = > MBI (a1,
v 1=0
and
— n -1 L R B
W, = <2> an(zu ZJ)> [Bn(ziyzj) = Z )\Z(C) |:Sn7l(zi,Zj) — Zn(zz) _ ﬁn(zj) ’
1<J —0
satisfy

(. ) = (e a2 2 ])

n

as can be shown by means of the Cramér-Wold device and the central limit theorem of Heyde and
Brown (1970), the latter being applicable because it follows from routine calculations that for every

Wi, 12 € ]Rk, we have

07 =Y Vigin] = piZopr + phAo(K)pa + o(1),
7

S Elgh] = o(D)

and

Z O-?vn B 0"21] = 0(1)’ U’iQ,n = V[gi,n|zla s 7Zi71];
where

2~ N\l
Jin = Gin(p) = ﬁﬂf,len(zi) + <2> hil Zﬂéwn(zhzj)-
j=1

The proof of Theorem 2 can therefore be completed by verifying (4.1).

To do so, we leverage convexity. For any [ € {0,..., L} and any t € R¥, it can be shown that

li E [E[r¢ (0, 7)K, _ 21 _
o [E[re (0, 7)Kp (w1 — wa)|z1]?]

and

d 2 _ 21 _
Tw’hi%f}g_}eoh Elre(0,7)"Kp(w1 — wo)?] =0,

and it therefore follows from a Hoeffding decomposition that

p% Mn(an,l + tpﬁl§ hn,l) - Mn(en,l; hn,l):|

= p% [M(gn,l + tpﬁl; hn,l) - M(en,l; hn,l)] + t,pnﬁn,l + OIP’(l)‘

18



Moreover,
_ 1
PalM (01 + 03 hng) = M (045 )] = St Tot,

~

and proceeding as in the proof of (4.2) it can be shown that p, U, ; = Op(1). Because I'y is positive
definite and because t +— ]\/Zn(an,l + tp, L) is convex (almost surely), the corollary following
Hjort and Pollard (1993, Lemma 2) implies that (4.1) holds.

4.3 Proof of Theorem 3

The proof of Theorem 3 is a natural bootstrap analog of the proof of Theorem 2.

~

For l € {0,...,L}, let 6%, = 6% (h,,;) and

nl —

—1
~ n
= (5) TG, S i) = sui(a ) ~ Eilsai(at 7))
1<j
where E¥[-] denotes E[-|z1,...,2,].

It suffices to show that

aﬁ,z —6,,=-Ty" (ﬁ;ﬁ,z + IAjn,l) +op(p,') for 1€{0,... L} (4.3)
and that
1 —1/2
717120 + 3 (;Z) hndAo(R)] U;kl P N(0k><17 Ik)7 (44)
where
~ L o~
U; =) N(e)U;,.
1=0

For every t € R*, using a Hoeffding decomposition and the fact that m(z,2;6,;) = 0 and

s(z,2;0,,) = 0 for large n, we have

Pz [M\S(an,l o5 hg) — My (6, hn,l):|
— p2(1+ 0(1))[Mp(Br g + tpy s hons) — M (8rgs B t)] + t'0,U%, + op(1),

~

where it can be shown that p, U}, = Op(1) and where it follows from the proof of (4.1) that
—~ 3 —~ 1 .
ﬂi |:Mn(0n,l + tﬂn 1; hn,l) - Mn(gn,l; hn,l)] = it/FOt + t/pnljn,l + O[p(l),

where pnﬁn’l = Op(1). In other words,

o2 [N (B0 + b5 o) — M (B s )|

1 ~ ~
= 51',’[‘01: +t'p, (U;khl + Un,l) + op(1) for every t € R¥.
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Because I'y is positive definite and because t +— ]\//.7,1*(0”,1 +tp, s hiny) is convex (almost surely), the
corollary following Hjort and Pollard (1993, Lemma 2) implies that (4.3) holds.
To prove (4.4), we begin by decomposing U? as

U: =L + W7,

where
9 - _ L
- gZﬂZ(Z;”)’ G(z1,) = > NQELSY) (2,25 ,)l2h,) (G # ),
i 1=0
and
—~ n\ L L
W; = <2> Z&*(Zznvz;k, ) &;(szz; ) = Z}\l(c) { Z’l (Zznv ]n) E;( ) e*( ):|
<J 1=0
Defining
nhd

T —

1+ +/nhd’

routine calculations can be used to show that for every i, o € R¥, we have

G = Vilgi, = ph [maZ0 +4(1 — )2 Ao(K)] p1 + phBo(K)pa + op(1),

ZE* gzn = op(1),

and

Vo

> i 3%] =op(1),  Tpn = Valgiala 2],
)

where V?[-] denotes V[-|z1,...,z,] and where

* * Tn Dk [ %
9in = gz‘,n(ﬂ) = %2H,1£n(zi, )+ < > hi) Zﬂ2w zm y, n)-

The Cramér-Wold device and the central limit theorem of Heyde and Brown (1970) therefore imply
that if m, — mp € [0, 1], then

(5 ) o) [z )

(D) hiW O x1 Ok Ao (K

Whether or not 7, is convergent, the result (4.4) can be obtained from the preceding display by

arguing along subsequences (if necessary).
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4.4 Verifying Assumption 3

It follows from Lemma 1 that if Assumption 1 holds, then so does Assumption 3 with S = 0. This
observation provides the base case for an induction argument. To describe the induction step,

suppose that for some even S > 0, we have

S/2
O(h) — 0 = > byh® + o(h®) as h | 0.
=1

Suppose also that, for every t € RF and some Bg.2 € R*, we have

S/2 S/2
h2TD WM 0+ byh® +th5T2h | — M | 69+ byh®ih
I=1 I=1

1
= t/ﬁsq_g + §tlrot + 0(1) as h i 0.

Then, the corollary following Hjort and Pollard (1993, Lemma 2) implies that

5/2 5/2
h=ET2 [ 9(h) — 8g — > byh® | = argmin M | 8+ > byh® +th5+%h
=1 teRF =1

= T;'Bsi2+o(l)  ashlo;
that is, defining bg o = —1"61,65+2, we have
(S+2)/2
0(h) —6g = > byh® +o(h?) as h | 0.

=1

To complete the proof of Proposition 1, it therefore suffices to note that (for every t € R* and)

under the assumptions of the proposition, we have
1
h~? [M(OO +th?; h) — M (6y; h)] =t'By + §tT0t +o(1) as h ] 0,

where

By = ;zdjzd: ( /W W‘wzw fw(w)dw> ( /R d uiqu(u)du> .

i=1 j=1

Similarly, if in addition to the assumptions of Proposition 1 it is assumed that for every t € R¥

and for some B4 € R*, we have
1
h~® [M (8o + bah? + th*; h) — M (8o + boh* h)] = t'Bs + 5t’rot +o(1) ashlo,

then Assumption 3 holds with S = 4. One set of sufficient conditions for this to occur is that
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Assumptions 1-2 hold and that, for every t € R¥, the following are satisfied (with probability one):

(i) Jgalall*K(a)du < co.

(ii)) w — p(w,w) = E[s(z1,292;0p)|w1 = W, Ws = W|fw (W) is four times continuously differen-

tiable with E[supgcyy [|0% ¢ (w, W)||] < oo for all v € Z4 with |v| < 4.

(iii) fw is twice continuously differentiable and w — H(w, w; 8, t) is twice continuously differen-
tiable with E[supg,cyy [|0%XH(w, W; 09, t) fu(W)]|] < oo for all v € Z4 with |v| < 2.

(iv) For some function H(W,W; 0,t) € RF*F s H(w, W; 0y, t) is continuous,

E [sup [EL(w, w: 60, ) fu (w)]]| < o0,
wew

H(w,w+u;0 + 7t,t) — H(w,w 4+ u;0,t)
T

lim
T»J/()»(e:u)*)(eo 70)

—H(w,w—i—u;O,t)H =0,

and, for some § > 0,

E

sup

H H(wi, w; 0+ 7t,t) — H(wi, wo; 0, t)
76(075)7”0_00“<67W26W

— H(WI,WQ; 0,t)H] < 00.
T

5 Sufficient Conditions for Motivating Examples

To demonstrate the plausibility of Assumptions 1 and 2, we revisit the examples of Section 2. In
each example, Assumption 1(ii) holds and Assumption 1(iii) is fairly primitive, so we focus on

giving primitive sufficient conditions for Assumptions 1(iv)-(v) and 2.

5.1 Partially Linear Regression Model

We take s = sprg and H = Hprr, where

SPLR(Zia Zj, 0) == %mPLR(Ziv Z;; 9) = _X'La] (yZJ - X;Ja)

and

82
Hpip(wi, wj) = E[merr(2i, 253 0)|wi, w;] =

0006’
= E[%; ;% ;|wi, wj],

wﬂf[spm(zu z;;0)|w;, ;]

the latter depending on neither 8 nor t (because merr(2i,2;; 6) is quadratic in 8).

Under mild conditions, Assumptions 1(iv)-(v) and 2 hold with

&o0(z) = —2E[sprr(2z1,22; 00)|2z1 = 2, Wwa = W] fw (W) = 2(x — E[x|W]) fw(W)e,
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[

o(w) = Elsprr(z1, 22; 00)sprr(21, 22; 00) | w1 = w, wo = W] fy (W)

= E[k1,2%] o(c7 + €3)|w1 = W, wa = W] fw (W),
and
Go(w) = Hprr(w, W) fw (W) = 2V[x|W] fw (W).

For instance, it suffices to set b(z) = (1 + ||x||)(1 + ||x|| + |70(W)| + |¢]) and to assume that

(i) The functions w — o(w), w — E[x|w], w — E[xx'|w], w — E[e?|w], w — E[xe?|w], and

w — E[xx/e%|w] are continuous on W.

(i) E[(1 + [|x]|")e"] + supwew E[(1 + [[x]*)e!|w] fw(w) < oo and

E[(1+ x| ")vo(w)* + [1x]1*] + vilelng[(l + ) v0(w)" + [[x[1%[w] fwr(w) < o0.

(iii) With probability one, V[x|w] is positive definite and V[e|x, w] > 0.

Under the additional assumptions of Theorem 1 and if nh% — oo, the pairwise difference estimator

is asymptotically linear with influence function
z > E[V[x|w] fu(w)] " (x — E[x|W]) fw(W)e.

Unless the distribution of w is uniform on W, the pairwise difference estimator is therefore asymp-
totically distinct from the estimators studied by Robinson (1988) and Donald and Newey (1994),

the influence function of these estimators being given by
z — E[V[x|w]] ! (x — E[x|w])e.

When nhé — 2¢ < oo, the pairwise difference estimator is still y/n-normal, but it ceases to be
asymptotically linear. Similarly, the estimator of Donald and Newey (1994) is y/n-normal, but
not asymptotically linear, when the associated tuning parameter is chosen appropriately (Cattaneo
et al., 2018), and in light of Linton (1995) it stands to reason that the same is true for the estimator of
Robinson (1988). Another \/n-normal estimator that is not asymptotically linear was proposed by
Yatchew (1997). However, even under simplifying assumptions (e.g., uniformity of the distribution
of w and/or conditional homoskedasticity of ¢), it appears difficult to make insightful comparisons

between the various estimators just mentioned.

5.2 Partially Linear Logit Model

We take s = spr;, and H = Hpyp, where

0 . . .
SPLL(Ziazj§0) = %WPLL(ZmZ]’; 0) = —Xz‘,j(?/z‘ - A(X/i,ja))ﬂ{yi,j # 0}
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and, defining \(u) = OA(u)/0u = exp(u)/[1 + exp(u)]?,

0? 9
= e Clme(zi:2; 0)[wi, Wil = o Else (2, 25 0)[wi, Wi

HPLL(Wi7 W3 9)

where the latter does not depend on t (because mprr(2;,2;;0) is twice differentiable in 8).

Under mild conditions, Assumptions 1(iv)-(v) and 2 hold with

€0(z) = —2E[sprL(21, 22; 00)|21 = 2, W2 = W] fw (W),

[

0(w) = Elsprr(21, 22; 00)sprr(Z1, 22; 00)'|[w1 = w, way = W] fuw (W),
and
GO(W) = HPLL(W7W§ OO)fw(W)-

For instance, it suffices to set b(z) = 1 + ||x|| and to assume that, for some ¢ > 0,

(i) The function w — 7p(w) is continuous on W. Also, the conditional distribution of x given w
admits a density fy)w With respect to some measure p such that w — fx|w(x\w) is continuous

on W (with probability one) and

/ (1+|x/I?) sup fxjw (X|w +u)dp(x) < oo for every w € W.
Rk [[ul|<s

(i) Elllx][*] + supwey E[1x]14w]fu (w) < oc.

(iii) With probability one, V[x|w] is positive definite.

5.3 Partially Linear Tobit Model
We take s = sprr and H = Hppr, where

spr1(2i, 253 0) = —%; j (1{y; > max(y; + x; ;6,0)} — 1{y; > max(y; — X} ;0, 0)})
and

HpLT(Wi,W]‘; O,t) = E [Xi,jkg,j (]l{X;JO > 0} + H{X;Jg = O,ngt Z O}) UPLT(Zia Zj; 0)‘ WZ',Wj]
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with
nerr(2i, 255 0) = 2 /OOO ferw(e = X100 — o (Wi) + X5 ;0|W;) fojw (e — X600 — yo(W;)|w;)de
+ foiw(=x100 — Y0(W;) + X ;0|w;) /io fejw(€ = X360 — y0(w;)|w;)de.
Under mild conditions, Assumptions 1(iv)-(v) and 2 hold with

&o(z) = —2E[spr1(21,22; 00)|21 = 2, W2 = W] fw (W),

[

o(w) = E[sprr(z1, 22; 00)Spr1(21, 22; 00) |[W1 = W, wo = W] faw (W),
and
Go(w) = Hprr(w, w; 6o, 0p) fuw (W).

For instance, it suffices to set b(z) = 1 + ||x|| and to assume that, for some 6 > 0,

(i) The function w — ~p(w) is continuous on W. Also, the conditional distribution of x given w
admits a density fy|w with respect to some measure p such that w +— fy |y (x|w) is continuous

on W (with probability one) and

/ (1+ ||x[|?) sup fxiw (X[W +u)dp(x) < oo for every w € W.
Rk [ul|<s

In addition, the function (¢, w) + f.w(g|w) is continuous and bounded and the function

(Xa W) = sup fa\w(8 - X/00 - ’YO(W) + u|w + u)ds
R Jul+[[ul|<5

is bounded.
(i) E[llx[I*] + supwew (1 + E[|[x[|*|w]) fw(w) < 0.

(iii) With probability one, V[x|w] is positive definite.

6 Simulation Evidence

We present simulation evidence for the partially linear regression and partially linear logit models.
We compare the four bootstrap-based confidence intervals discussed in Section 3.5: Cly;;_,(1,0),
Clhi—a(1, L), CI;)l_a(Sl/d, 0), and Clzyl_a(?)l/d,L). We set @ = 0.05, and for the debiasing proce-

dure, we use L =1 and ¢ = (1,2)".
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6.1 Simulation Design: Partially Linear Regression Model

We base the partially linear regression designs on equations (6.1)—(6.2) of Robinson (1988). We
consider

yi = x; + Yo(W;) + &

The three designs are as follows. In Model 1, x; = 2v;, v; ~ N(0,1), w; = v; + u;, u; ~ N(0,2),
Yo(w) = w? +1, g; ~ N(0,1), and {v;,u;,&;} are jointly independent. In Model 2, d = dim(w) = 2,
Yo(w) = w'w+1, (z;, w})' is normal with each component having mean 1 and variance 3, and any
pair in (z;, w};)’ has correlation 2/3. Model 3 uses the same joint normal specification for (z;, w/)’
as Model 2, but with d = dim(w) = 3. In all models, fp = 1. The regressor of interest x; is

correlated with w;, and thus, ignoring the ~o(w;) term will induce bias in the estimator of 6.

6.2 Simulation Design: Partially Linear Logit Model

We base the partially linear logit designs on those of Honoré and Powell (2005). As in the partially

linear regression simulations, the three designs differ mainly in the dimension of w. We consider
yi = 1{x1; + 22 + 0(W;) + ;i > 0}, Yo(w) = w'w — (1 + dim(w)),

where the CDF of ¢; is A, zo; has a discrete distribution with Plzy; = 1] = 1/2 = Py = —1],
z1; = v; + wiw; with v; ~ N(0,1), and {g;, w;, z9;,v;} are jointly independent. For Model d
(d €{1,2,3}), dim(w) = d, and w; has a normal distribution with each element having mean zero
and variance one, equicorrelated with correlation 0.2. In all models, 6y = (1,1).

As noted by Honoré and Powell (2005), ignoring the presence of vy(w;) induces bias in the
estimator of 6y, although the bias for the second element tends to be negligible relative to the

standard error. We focus on constructing 95% confidence intervals for the first element of 6.

6.3 Simulation Results

Tables 1-3 display the coverage probabilities and average lengths of the four confidence intervals for
the partially linear regression model, and Tables 4—6 for the partially linear logit model. Figure 2
complements the tables by plotting coverage probability as a function of bandwidth A for all six
DGPs. For each data generating process, the sample size was n = 2,000, we conducted 2,000
simulation replications, and for each replication we drew 2,000 bootstrap samples to compute
bootstrap quantiles.

The panel headed “B = 17 refers to Cl}, ;g5(1, L), in which the bandwidth used to compute
bootstrapped quantiles equals the bandwidth used for estimation. The panel headed “B = 31/4”
refers to our proposed methods CI;70.95(31/ 4'L), in which the bandwidth for bootstrap estimation
is rescaled by the factor 31/d. Within each panel, L = 0 is based on the estimator §n and L =1 is
based on the debiased estimator 6,, with ¢ = (1,2)’.

To form the bandwidth grid, we first estimate hy—g and hy—; by auxiliary simulations. These
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are the MSE-minimizing bandwidths for én and 5,“ respectively. The grid is then taken as the
union of hr—g x {0.5,...,1.5} and hr—; x {0.5,...,1.5} (increments of 0.1). Rows highlighted in
yellow and orange in the tables mark hy—g and hy—1, respectively.

The results are broadly consistent with our theoretical predictions. We focus on two forces
of particular interest: small bandwidth regions, where the standard bootstrap variance may be
inflated, and large bandwidth regions, where smoothing bias may become non-negligible. The
simulations also include one instructive qualification: in the partially linear regression model with
d = 1, the conventional procedures are already very well calibrated, while our proposed procedure
Cl5.0.95 (3%/4,1) is conservative. This is a specialized design in which the smoothing bias targeted by
jackknife debiasing is negligible, so bandwidth rescaling and debiasing mostly widen the intervals
without offsetting a meaningful bias. This qualification is specific to the partially linear regression
d = 1 design and does not describe the partially linear logit model with d = 1, where uncorrected

intervals exhibit undercoverage as the bandwidth grows and bias correction is beneficial.

Small-bandwidth overcoverage. For small bandwidths, the confidence intervals CI, o 95(1, L)
tend to overcover the nominal 95% level, whereas our proposed methods Cl;,o.gs(?’l/ 4 L) achieve
coverage close to the nominal probability. This observation is predicted by our small-bandwidth
asymptotics: using the same h,, for both estimation and the bootstrap quantile computation causes
the bootstrap to overestimate the sampling dispersion of é\n The average interval lengths in the
tables are in line with this prediction. At small bandwidths, CI}, ; 95(1, L) are systematically longer
than their C|270.95(31/d,L) counterparts.

The severity of this distortion grows sharply with d = dim(w), consistent with our theoreti-
cal prediction that the larger d, the wider the small-bandwidth region (based on the condition
lim inf,, o nh? < 00). For the partially linear regression model with d = 2 and d = 3, the coverage
probabilities for CI};  95(1, L) are well above the nominal level for smaller bandwidths, whereas our
methods CIZ70.95(31/ 4 L) achieve the nominal level (Tables 2 and 3). The same small-bandwidth
variance distortion is visible in the logit model. Overcoverage under Cl;, ; g5(1,0) is modest for
d =1, rises to 0.982 for d = 2, and reaches 0.996 for d = 3 at the smallest bandwidth used in the
simulation (Tables 4-6), with analogous patterns for CI}, 5 ¢5(1,1). Figure 2 makes this dimension-
dependence visually apparent: the coverage curves are well above the nominal level (the horizontal
dotted line) for d > 1.

Large-bandwidth undercoverage and bias correction. At larger bandwidths, except in the
partially linear regression d = 1 design discussed above, the bias may become non-negligible, and
Cl}, 0.05(B,0) tends to exhibit severe undercoverage. For the partially linear regression model with
d = 2, the coverage of CI, ;95(1,0) falls to 0.468 at h = 0.75 and to 0.007 at h = 1.12. For d = 3,
it falls to 0.051 at A = 1.00 and to essentially zero for A > 1.20. The undercoverage is similarly
pronounced in the logit model: for d = 2, coverage collapses to 0.858 at h = 0.68, and for d = 3, it
falls to 0.720 at h = 0.75.
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The debiased intervals correct this distortion effectively. At larger bandwidths, the (B =1,L = 1)
procedure is closer to the nominal 95% level than the (B = 1, L = 0) procedure: for the partially
linear regression model with d = 2, coverage is 0.965 at hr,—; = 0.75, and for d = 3 it is 0.970 at
hr—1 = 1.00. Similar patterns hold for the logit model, where coverage is 0.963 at hy—; = 0.45 for
d=2and 0.976 at h;—1 = 0.50 for d = 3.

Combining bandwidth rescaling and bias correction. Under the procedure that combines
bandwidth rescaling and bias correction, CI;70.95(31/ 41), coverage remains close to the nominal
level across a wide bandwidth range. For the partially linear regression model with d = 2, the
coverage probabilities lie between 0.949 and 0.959 across all bandwidths on the grid. For d = 3,
coverage ranges from 0.950 to 0.970 over most of the grid and remains at 0.955 even at h = 1.50.
The cost of bias correction is a modest increase in average interval length relative to the uncorrected
L = 0 intervals: comparing the (B = 3/¢ I = 0) and (B = 3¢ L = 1) columns at the MSE-
optimal bandwidth hy—g, the debiased intervals are roughly 4% wider for d = 2 and roughly 11%
wider for d = 3 in the partially linear regression model, a small price given the improvement in
coverage reliability for larger bandwidths. For the logit model, the qualitative picture is the same
for d = 2 and d = 3. For d = 1, the proposed method is not conservative in the same way as in the
partially linear regression case; instead, the main issue is the emergence of bias as the bandwidth
grows, which bias correction partly offsets. Under the proposed procedure, coverage remains close
to the nominal 95% across a wide range of bandwidths considered.

Overall, the simulation evidence supports combining bandwidth rescaling (B = 3/ d) with
jackknife-based bias correction (L = 1), especially when smoothing bias is present or when the
dimension of the nonparametric component is moderate. The partially linear regression d = 1
design provides a useful reminder that when conventional methods are already well calibrated and

the relevant smoothing bias is essentially absent, the robust procedure can be conservative.

7 Conclusion

This paper develops bandwidth-robust distribution theory and bootstrap-based inference proce-
dures for a broad class of convex pairwise difference estimators. Our theoretical work is based on
small bandwidth asymptotics and carefully leverages convexity. We illustrate the theory with three
prominent examples. In addition to expanding the scope of small bandwidth asymptotics, our re-
sults lay the groundwork for several promising avenues of future research. First, our methods could
be generalized to develop bandwidth selection based on higher-order stochastic expansions. Second,
consistent variance estimators could be developed as an alternative to bootstrap-based inference.
Third, it would be of interest to expand our theory to allow for pairwise difference estimators
based on generated regressors, a class of estimators that sometimes arises in the context of control
function and related econometric methods. Finally, it seems plausible that there exist settings

where the objective function is sufficiently non-smooth to result in non-Gaussian distributional
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approximations. We leave these extensions for future work.
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Table 1: Bootstrap 95% Confidence Intervals for Partially Linear Regression Model: DGP 1 (d = 1).

B=1 B = 3l/d

L=0 L=1 L=0 L=1

h Coverage Length Coverage Length Coverage Length Coverage Length

0.35 0.958 0.058 0.958 0.059 0.956 0.058 0.956 0.058
0.42 0.958 0.058 0.958 0.058 0.958 0.059 0.955 0.058
0.49 0.956 0.058 0.958 0.058 0.963 0.060 0.955 0.058
0.50 0.956 0.058 0.958 0.058 0.963 0.060 0.956 0.058
0.56 0.955 0.058 0.957 0.058 0.966 0.061 0.958 0.058
0.60 0.954 0.058 0.956 0.058 0.969 0.063 0.959 0.059
0.63 0.953 0.058 0.956 0.058 0.970 0.064 0.961 0.059
0.70 0.954 0.058 0.956 0.058 0.977 0.067 0.965 0.061
0.77 0.955 0.058 0.956 0.058 0.986 0.070 0.970 0.063
0.80 0.956 0.058 0.955 0.058 0.987 0.072 0.972 0.064
0.84 0.956 0.058 0.956 0.058 0.990 0.074 0.976 0.066
0.90 0.954 0.058 0.955 0.058 0.993 0.078 0.982 0.069
0.91 0.954 0.058 0.955 0.058 0.993 0.078 0.984 0.070
0.98 0.953 0.058 0.953 0.058 0.997 0.083 0.987 0.074
(LO0 0.954 0058 0953 0058 099 0084 0989  0.075
1.05 0.955 0.058 0.952 0.058 0.999 0.088 0.992 0.078
1.10 0.955 0.058 0.952 0.058 1.000 0.091 0.994 0.081
1.20 0.955 0.058 0.953 0.058 1.000 0.098 0.999 0.088
1.30 0.953 0.059 0.954 0.058 1.000 0.105 1.000 0.095
1.40 0.955 0.059 0.954 0.058 1.000 0.112 1.000 0.102
1.50 0.957 0.060 0.954 0.058 1.000 0.119 1.000 0.108

Note: The table shows coverage probability and average length of confidence intervals over 2,000 simulation
replications. The sample size is n = 2,000 and the number of bootstrap draws is 2,000. The rows highlighted in
yellow and orange correspond to the estimated MSE-optimal bandwidths for the point estimators with L = 0 and
L =1, respectively.
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Table 2: Bootstrap 95% Confidence Intervals for Partially Linear Regression Model: DGP 2 (d = 2).

B=1 B = 3l/d

L=0 L=1 L=0 L=1

h Coverage Length Coverage Length Coverage Length Coverage Length

0.12 0.991 0.149 0.994 0.171 0.949 0.111 0.949 0.122
0.15 0.987 0.133 0.992 0.151 0.950 0.104 0.950 0.112
0.17 0.984 0.123 0.990 0.137 0.951 0.100 0.955 0.106
0.20 0.979 0.115 0.986 0.127 0.946 0.097 0.957 0.102
0.22 0.977 0.110 0.984 0.120 0.944 0.095 0.955 0.099
0.25 0.970 0.106 0.983 0.114 0.944 0.093 0.956 0.097
0.28 0.965 0.102 0.979 0.110 0.939 0.092 0.956 0.095
0.30 0.961 0.100 0.978 0.107 0.931 0.091 0.956 0.094
0.32 0.952 0.098 0.978 0.104 0.923 0.090 0.956 0.093
0.35 0.941 0.096 0.972 0.102 0.912 0.090 0.956 0.092
0.38 0.925 0.095 0.973 0.100 0.905 0.089 0.956 0.091
0.45 0.887 0.092 0.973 0.096 0.872 0.089 0.957 0.090
0.52 0.829 0.091 0.968 0.094 0.821 0.089 0.958 0.089
0.60 0.743 0.090 0.966 0.092 0.749 0.090 0.959 0.089
0.68 0.625 0.089 0.964 0.091 0.646 0.091 0.958 0.088
(075 0468 0.089 0965 0090 0514 0093 0957 0089
0.83 0.298 0.089 0.961 0.090 0.375 0.097 0.958 0.089
0.90 0.151 0.089 0.952 0.089 0.239 0.100 0.956 0.090
0.98 0.071 0.089 0.942 0.089 0.124 0.105 0.954 0.092
1.05 0.022 0.090 0.935 0.089 0.067 0.110 0.957 0.094
1.12 0.007 0.090 0.924 0.088 0.026 0.116 0.957 0.098

Note: The table shows coverage probability and average length of confidence intervals over 2,000 simulation
replications. The sample size is n = 2,000 and the number of bootstrap draws is 2,000. The rows highlighted in
yellow and orange correspond to the estimated MSE-optimal bandwidths for the point estimators with L = 0 and
L =1, respectively.
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Table 3: Bootstrap 95% Confidence Intervals for Partially Linear Regression Model: DGP 3 (d = 3).

B=1 B =34

L=0 L=1 L=0 L=1

h Coverage Length Coverage Length Coverage Length Coverage Length

0.20 0.998 0.325 0.999 0.402 0.950 0.210 0.950 0.254
0.24 0.997 0.259 0.998 0.318 0.956 0.174 0.952 0.207
0.28 0.993 0.217 0.996 0.263 0.957 0.152 0.961 0.177
0.32 0.991 0.188 0.995 0.225 0.951 0.138 0.961 0.158
0.36 0.986 0.168 0.994 0.198 0.949 0.129 0.964 0.145
0.40 0.979 0.154 0.994 0.179 0.938 0.122 0.963 0.135
0.44 0.969 0.143 0.993 0.164 0.917 0.117 0.961 0.128
0.48 0.950 0.135 0.993 0.153 0.887 0.114 0.962 0.123
0.50 0.934 0.131 0.992 0.149 0.873 0.113 0.966 0.121
0.52 0.916 0.129 0.991 0.145 0.858 0.111 0.966 0.119
0.56 0.879 0.124 0.990 0.138 0.827 0.110 0.963 0.116
0.60 0.830 0.120 0.988 0.132 0.778 0.109 0.961 0.114
0.60 0.830 0.120 0.988 0.132 0.778 0.109 0.961 0.114
0.70 0.650 0.114 0.979 0.123 0.613 0.107 0.959 0.110
0.80 0.408 0.110 0.975 0.117 0.399 0.108 0.958 0.107
0.90 0.178 0.108 0.971 0.113 0.202 0.111 0.962 0.106
L00 0051 0107 0970 0110 0075 0116 0.964 0106
1.10 0.009 0.108 0.967 0.108 0.019 0.121 0.967 0.108
1.20 0.000 0.109 0.960 0.107 0.002 0.128 0.969 0.110
1.30 0.000 0.111 0.950 0.106 0.000 0.137 0.970 0.114
1.40 0.000 0.114 0.925 0.106 0.000 0.146 0.967 0.120
1.50 0.000 0.118 0.887 0.107 0.000 0.156 0.955 0.126

Note: The table shows coverage probability and average length of confidence intervals over 2,000 simulation
replications. The sample size is n = 2,000 and the number of bootstrap draws is 2,000. The rows highlighted in
yellow and orange correspond to the estimated MSE-optimal bandwidths for the point estimators with L = 0 and
L =1, respectively.

34



Table 4: Bootstrap 95% Confidence Intervals for Partially Linear Logit Model: DGP 1 (d = 1).

B=1 B = 3/d

L=0 L=1 L=0 L=1

h Coverage Length Coverage Length Coverage Length Coverage Length

0.10 0.952 0.319 0.953 0.324 0.944 0.308 0.947 0.311
0.12 0.950 0.317 0.951 0.321 0.942 0.306 0.946 0.310
0.14 0.950 0.315 0.952 0.318 0.942 0.305 0.946 0.309
0.16 0.951 0.314 0.953 0.317 0.944 0.304 0.945 0.308
0.18 0.950 0.312 0.952 0.315 0.943 0.302 0.948 0.307
0.18 0.950 0.312 0.952 0.315 0.943 0.302 0.948 0.307
0.20 0.950 0.311 0.951 0.314 0.941 0.301 0.947 0.306
0.22 0.950 0.311 0.951 0.314 0.941 0.300 0.946 0.306
0.22 0.949 0.311 0.951 0.313 0.941 0.300 0.946 0.306
0.24 0.948 0.310 0.950 0.313 0.940 0.299 0.945 0.305
0.25 0.947 0.310 0.950 0.312 0.939 0.298 0.945 0.304
0.26 0.948 0.309 0.950 0.312 0.938 0.297 0.945 0.304
0.28 0.948 0.309 0.949 0.312 0.935 0.296 0.943 0.303
0.29 0.947 0.308 0.950 0.311 0.934 0.295 0.942 0.302
0.30 0.947 0.308 0.950 0.311 0.933 0.295 0.942 0.302
0.32 0.946 0.307 0.949 0.311 0.933 0.293 0.941 0.300
(036 0942 0306 0948 0310 0931 0291 0940 0208
0.40 0.941 0.306 0.948 0.309 0.930 0.289 0.936 0.296
0.43 0.938 0.305 0.947 0.309 0.926 0.287 0.935 0.295
0.47 0.939 0.304 0.948 0.308 0.922 0.285 0.935 0.293
0.50 0.936 0.303 0.946 0.308 0.919 0.283 0.932 0.291
0.54 0.932 0.302 0.947 0.307 0.916 0.281 0.930 0.289

Note: The table shows coverage probability and average length of confidence intervals over 2,000 simulation
replications. The sample size is n = 2,000 and the number of bootstrap draws is 2,000. The rows highlighted in
yellow and orange correspond to the estimated MSE-optimal bandwidths for the point estimators with L = 0 and
L =1, respectively.
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Table 5: Bootstrap 95% Confidence Intervals for Partially Linear Logit Model: DGP 2 (d = 2).

B=1 B = 3/d

L=0 L=1 L=0 L=1

h Coverage Length Coverage Length Coverage Length Coverage Length

0.14 0.982 0.507 0.985 0.568 0.952 0.404 0.952 0.431
0.17 0.980 0.462 0.982 0.510 0.953 0.385 0.953 0.407
0.20 0.977 0.433 0.980 0.471 0.953 0.372 0.954 0.390
0.22 0.974 0.414 0.978 0.445 0.951 0.364 0.951 0.380
0.22 0.973 0.413 0.978 0.444 0.951 0.364 0.951 0.379
0.25 0.971 0.399 0.977 0.426 0.954 0.357 0.953 0.372
0.27 0.969 0.392 0.975 0.416 0.950 0.354 0.953 0.367
0.28 0.969 0.388 0.973 0.411 0.950 0.352 0.953 0.365
0.31 0.964 0.380 0.972 0.400 0.948 0.348 0.950 0.360
0.32 0.963 0.378 0.970 0.398 0.948 0.347 0.951 0.359
0.34 0.961 0.373 0.969 0.391 0.945 0.344 0.951 0.356
0.36 0.958 0.368 0.968 0.385 0.941 0.341 0.951 0.353
0.36 0.958 0.368 0.967 0.385 0.940 0.341 0.951 0.353
0.39 0.954 0.363 0.964 0.379 0.936 0.338 0.949 0.350
0.40 0.950 0.361 0.964 0.376 0.933 0.336 0.950 0.348
0.42 0.946 0.359 0.964 0.374 0.928 0.335 0.951 0.347
(045 0938 035 0963 0370 0919 0332 0048 034
0.50 0.928 0.351 0.960 0.364 0.909 0.329 0.947 0.340
0.54 0.915 0.347 0.958 0.360 0.893 0.326 0.940 0.337
0.59 0.898 0.344 0.953 0.356 0.876 0.323 0.938 0.334
0.63 0.881 0.341 0.947 0.353 0.855 0.320 0.930 0.331
0.68 0.858 0.338 0.937 0.350 0.832 0.318 0.921 0.329

Note: The table shows coverage probability and average length of confidence intervals over 2,000 simulation
replications. The sample size is n = 2,000 and the number of bootstrap draws is 2,000. The rows highlighted in
yellow and orange correspond to the estimated MSE-optimal bandwidths for the point estimators with L = 0 and
L =1, respectively.
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Table 6: Bootstrap 95% Confidence Intervals for Partially Linear Logit Model: DGP 3 (d = 3).

B=1 B = 3/d

L=0 L=1 L=0 L=1

h Coverage Length Coverage Length Coverage Length Coverage Length

0.20 0.996 1.110 0.995 1.370 0.953 0.693 0.944 0.826
0.23 0.994 0.863 0.994 1.049 0.951 0.578 0.949 0.673
0.25 0.995 0.794 0.994 0.960 0.952 0.547 0.948 0.630
0.27 0.993 0.717 0.994 0.857 0.952 0.511 0.947 0.581
0.30 0.991 0.647 0.994 0.765 0.952 0.479 0.951 0.538
0.31 0.991 0.622 0.993 0.732 0.952 0.467 0.955 0.522
0.35 0.987 0.560 0.989 0.648 0.943 0.439 0.956 0.483
0.35 0.987 0.559 0.989 0.646 0.943 0.438 0.956 0.482
0.39 0.980 0.514 0.984 0.586 0.933 0.418 0.952 0.454
0.40 0.979 0.505 0.983 0.573 0.929 0.414 0.949 0.448
0.43 0.971 0.482 0.983 0.541 0.926 0.403 0.951 0.434
0.45 0.963 0.467 0.980 0.522 0.914 0.397 0.947 0.425
0.47 0.957 0.457 0.979 0.507 0.907 0.392 0.948 0.418
(050 094 0441 0976 0486 0.80L 0384 0045 0408
0.51 0.939 0.438 0.976 0.482 0.887 0.383 0.942 0.406
0.55 0.917 0.423 0.972 0.461 0.859 0.375 0.939 0.397
0.55 0.914 0.422 0.971 0.460 0.856 0.375 0.937 0.396
0.58 0.891 0.411 0.964 0.445 0.832 0.369 0.928 0.389
0.60 0.875 0.407 0.960 0.440 0.814 0.367 0.927 0.387
0.65 0.829 0.396 0.945 0.425 0.774 0.362 0.908 0.379
0.70 0.774 0.387 0.926 0.413 0.727 0.357 0.888 0.373
0.75 0.720 0.380 0.902 0.403 0.663 0.353 0.855 0.368

Note: The table shows coverage probability and average length of confidence intervals over 2,000 simulation
replications. The sample size is n = 2,000 and the number of bootstrap draws is 2,000. The rows highlighted in
yellow and orange correspond to the estimated MSE-optimal bandwidths for the point estimators with L = 0 and
L =1, respectively.
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Figure 2: Coverage probabilities as a function of bandwidth h.
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Note: Each panel plots the empirical coverage probability of Cl}, o.95(B, L) against bandwidth h for the four
procedures (B, L) € {(1,0), (1,1), (31/d, 0), (31/d, 1)}. “PLR” stands for the partially linear regression model, and
“PLL” stands for the partially linear logit model. d denotes the dimension of w. The horizontal dotted line marks
the 95% nominal level. The two \@rtical lines mark the estimated MSE-optimal bandwidths hr—¢ and hr=1 for the
point estimators 0, (L = 0) and 0, (L = 1), respectively. The sample size is n = 2,000 and results are based on
2,000 simulation replications with 2,000 bootstrap samples.
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