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A Proofs

Notation Given a measure j, L?(;) denotes the space of square p-integrable functions. For
a random variable A, Fj is the distribution of A. Equal signs involving random variables are

understood as equality with probability one.

A.1 Proof of Theorem 1

Remark For the proof below, consider the linear operator Il : L?(Fy+) — L?(Fy), II(g)(z) =
E[g(X*)|X = z]. Assumption 5 implies that II is compact (see e.g., Carrasco et al., 2007, p.5659).
By Theorem 15.16 of Kress (2014), there exist non-negative singular values {7;};>1 and orthonormal
sequences {¢;};>1 C L*(Fx+), {p;}j>1 C L*(Fx) for the operator II. Theorem 15.18 of Kress
(2014) implies that for any function g € L?(Fx~) in the orthogonal complement of the null space

of II, we have
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Since Assumptions 3 and 5 imply that fx«pz(:|d,z)/fx«(-) lies in the orthogonal complement of
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This equation implies, for any y € R,

Pr[Y(d) < y|D, Z]

= [Py (@ < ylX* = o D. 2l (e 1D, Z) 07

— [ Paly (@) <y = o)z (a’|D Z)dN ()

= /PF[Y(d) <ylX*=a <ZT / ) fx|pz (@ !D,Z)d/\(w)cf)j(m*))fx*(w*)d)\*(ﬂf*)
where the first equality is by the law of iterated expectations, and the second equality follows

from Assumption 1. Lemma SA-1 below implies that the infinite sum and the outer integral are

exchangeable, and thus,

Pr{Y (d) < y|D. 2] = ZT d) < y|X"]65(X7)] / o3(2) fxipz (D, Z)dA(z)

= Z gﬂ 2)B(w)dA(z),  o(d) = E[Pr]Y(d) < y|X*)¢;(X*)]

where 3777, Tj_z\ [ j(@)B(z)d\(x)|? < co by (S-1). Then, Pr[Y(d) < y|D, Z] is o(U)-measurable,
and by o(0) C o(D,Z), PrlY(d) < y|D,Z] = Pr[Y(d) < y|Q]. Thus, Pr[Y(d) < y|D, Y] =
E[Pr[Y(d) < y|D,Z]|D,U] = E[Pr]Y(d) < y|¥]|D,Y] = Pr[Y(d) < y|¥], which is the desired
conditional independence result.

To prove the second part of the theorem, first note E[Y|D = d,Q0] = E[Y(d)|D = d,Q] =
E[Y (d)|0] where the second equality holds by the conditional independence result above. Also,
E[Y (d)|D] = E[Y (d)|D, Z] by the argument above. Thus, E[Y|D = d,0] = E[Y (d)|D, Z] and

E[Y (d)] = E[E[Y (d)|D, Z]] = E[E[Y|D = d, ]

provided that the last expectation is well-defined, which is equivalent to that the conditional support
of Y given D = d is equal to the marginal support of U.
Fix v € supp(Y), and by definition, for any open set U C L?(\) containing v, P[0 € U] > 0

By Bayes’ rule,
D =d|U € UIP[V € U]
P[D = d]
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and the right-hand side is strictly positive by P[¥ € U] > 0 and Assumption 4. Since U is an

arbitrary open set, v belongs to the conditional support of 2, and the desired result follows. O

A.2 Proof of Theorem 2

Notations The underlying probability space is denoted by (€2, F,P). Let I'(v) = [ G(x) f(z,v)d\(z)
and Vy, be a probability one set on which é)%F(v) is of column rank dy. A diffeomorphism is a
continuously differentiable bijective function whose inverse is also continuously differentiable. For
a finite measure space (X,G,P) where PX is finite but may not equal one, I consider “condi-
tional expectations” in the exactly same way as for probability spaces. That is, with ¥ € L,
and a sub sigma-field H C G, I define E[Y|H] to be a H-measurable random variable satisfying
Sy LaYdP = [, 1gE[Y|H]dP for all H € H. O

First note (V) C o(V) since V = [ G(z)V(x)dA(z) is a measurable function of V.

Suppose that there is a partition {P; € o(D, W, Z) : j € N} of 2 such that U is o(V')-measurable
on the measure space (XN P;, F N Pj,P;) where FNP; ={FNP;: FeF}and P;(-) =P(-NFj).
Then,

E[Y[D,D,W] =Y E[Y|U,D,Wllp, = > E;[Y|p|B, D, Wllp, = > E,;[Y|p|V,D, W]lp,
j>1 j>1 j=1
where the first equality follows from 1 =) j>1 1P with at most one j having 1p; > 0, the second
equality uses Lemma SA-2 below, and the third equality uses the fact that o(¥) = o(V) on
(QNP;, FNP;,P). Thus, to prove the theorem, it suffices to exhibit a partition {A; € o(D, W, Z) :
j € N} such that U is o(V)-measurable on (2N A;, F N A;,P).

Since %F(v) is continuous on R%, for each v € V, there exists an open set containing v on
which I'(v) is of rank dy, by Proposition 4.1 of Lee (2013). Let I, C {1,...,k} be the set of indices
whose corresponding rows of a%f‘(v) are linearly independent and 77, : R¥ — R% be the canonical
projection of the corresponding elements. By the inverse function theorem, there is some open set
U, 3 v on which 77, oI is a diffeomorphism. The collection {U, : v € V;} is an open cover of Vy;, and
choose a countable open subcover {U; : j € N} of Vy, to define 4; = {w € Q: Vy(w) € Uj\Ug;ll U}
Since Vi, = (D, W, Z) and U, is an open subset of R%, A; is o(D, W, Z)-measurable.

Now consider the measure space (2N A;, FNA;,P;). As shown above, there exists a projection



7; such that 7 o T is a diffeomorphism on the open ball U; C R% and we have Vy, = (m;oI')~1(V)

on Aj. Thus, Vi can be written as a measurable function of V, proving () = (V) on (2N
Aj,./rﬂAj,Pj). O

A.3 Auxiliary results

Lemma SA-1. For a transformation 7, suppose E[7 (Y (d))?] < oco. Under Assumptions 2, 3,
and 5,

/E[y(( I X* = o] <ZT e;(d, 2)é5(a ))fX*( A (o ZT 1(d,2)(d)

where e;(t, z) = [ fx\pz(xlt, 2)p;(x)d\(x) and ¢;(d) = E[E[T (Y (d))|X*]¢o;(X*)].

Proof. Note that the infinite sum ) °° ej(d,z)¢; converges in L?(Fx+) as discussed around

j=17j
(S-1). Since E[.7 (Y (d))|X*] € L*(Fx~),

/E[ﬁ( (d)|X* = z¥ (ZT e;(d, 2)pj(x ))fX*(a:*)d)\(x*)

N
— lim [ E[7(Y(d)|X" =2"] (Zalej(d, Z)cbj(fv*))fx*(ﬂf*)d/\(x*)-

j=1

For each NV € N,
N
[E7 ey = (ZT (@205(0") ) e (0)iNG) = 377 650205 (@
j=1

and this infinite sum converges as 222 ej(d,z)? < oo and P gj(d)? < oo. The latter
inequality follows from E[.7 (Y (d))|X*] € LZ(FX*) and {¢;};>1 being an orthonormal sequence in

L?(Fx+). Then, the desired conclusion follows. O

Lemma SA-2. Let (Q, F,P) be a probability space, Y be a random variable with a finite expectation,
G C F be a sub sigma field, and Q € G be a subset of Q. Also, Y| is the restriction of Y to Q,
G={GNQ:GeG}, and F = {FNQ: F € F}. Define E[Y|3|G] to be a G-measurable real-valued



function satisfying [5 1Y |qdP = [4 ILGE[Y]Q@]CZP for all G € G. Then,
E[Y|G] = E[Y]4]d]

except for a null set in G.

Proof. Since Y =Yg on Q, for any G € G,

/~IIGY|QdIP’:/ ]lémpz/ ﬂéE[ng]dPZ/néEmg]dP
Q Q Q Q

where the second equality uses G ¢ G and the definition of a conditional expectation and the last
equality uses 15E[Y|G] = 0 almost surely outside Q. Since G was arbitrary, the definition implies

the desired result. O

Lemma SA-3. Suppose that Assumptions 1, 2, 3, 5 hold. Then, E[Y'|D, Z] is (0, D)-measurable.
In particular, E[e|D,Z] =0 fore =Y — E[Y|T, D].

Proof. Using Y =Y (1)D+Y(0)(1 — D) and Y (d) L (D, Z)| X",

E[Y|D, Z] = E[E[Y(1)|X*, D, Z]D + E[Y (0)|X*, D, Z)(1 — D)|D, Z]
= E[E[Y(1)|X"]D +E[Y(0)| X*](1 - D)|D, Z]

- Y ip=a / )X = %) fxe g (a°|d, Z) A (2)
de{0,1}

Arguing as in the proof of Theorem 1,

E[Y|D,Z]= ) 1{D= d}ZT_lE ()| X"e;(X /fxmz z|d, Z)pj(x)dA(x).

de{0,1} Jj=1

Letting , ;(d) = E[E[Y (d)| X*]¢;(X*)],

EY(D.Z)= 3 7l (D ) [ Ba)es@irw).

7j=1

which proves the desired result. O

The following is a slight modification of a known sufficient condition for bounded completeness.



Lemma SA-4. Let X = x(X* + 1) where X* 1L n and x is invertible. Suppose X* and n are
continuously distributed, and the characteristic function of n is non-zero everywhere. Then, the

family of distributions { fx-x(-|x) : x € X'}, where X is the support of X, is bounded complete.

Proof. For any bounded function b, E[b(X™*)|X] = E[b(X*)|X* + n] almost surely because y is
invertible, implying o(X) = o(X™* + 7). Thus, without loss of generality, assume x is the identity

function. Since fx-x(y,2) = fx-(4)f(x — 1),
E[b(X")|X] = / b(y) fxc- () fo (X — )y = / b(y) oy — X)dy

where b(y) = b(—y)fx+(—y). By Theorem 2.1 of Mattner (1993) fb )fn(y — X)dy = 0 almost
surely implies lN)(y) = 0 almost surely. This in turn implies b(y) = 0 for y such that fx=«(y) > 0.

Thus, bounded completeness holds. O

A.4 Proof of Theorem 3

The proof builds on the arguments of Chernozhukov et al. (2022) (henceforth CNS). Write Sy(v) =
NO(L U) - /1’0(07 U) and B\(’U) = ﬁ(la ’U) - ﬁ(07 U)' Let

o(E,p,v,a) = a(D,v(D, 7)) [Y — u(D,v(D, Z))]

L [2lkQ, ) = p(0,0)] a(D,y(D,Z))a”(D’U)]

= - (G(X) — (D, 2)).

v=v(D,Z)

Note ¥(E, p, v, ) = m(E, p,v) + ¢(E, p, v, &) and m(E, p,v) = p(1,v(D, Z)) — p(0, (D, Z)). Tuse

the decomposition

Y(E, [, v, ar) = P(E, po-vo, @)
+Bi(0(D, 2)) — Bo(V)
+ @(E, i1, i, o) — ¢(E, po, Y0, )
+ @(E, o, 1o, ar) — ©(Z, po, vo, )
+ 0(E, t, U, Qi) — (E, i1, Ui, o) — (E, po, vo, ar) + @(E, po, vo, o)

= Y(E, po, o, ao) + Ry + Roy + Ry + Ry



20/(26+1) - 2¢/(2¢+1) =

Fin + (XomX2.n) " 20 = o(n=/4).
Then, Lemmas SA-5, SA-6, SA-7 imply /nE[Ry; + Ry|If] = op(1), E[R3|I]] = 0, vVRE[Ry|If] =

By the hypothesis, x1,nwn R+ Xn,200n = o(1) and wy,

op(1), and E[R?lllﬂ = op(1) for j = 1,2,3,4 since n;/n’s are bounded away from zero. Then,

IZZ%Z) i, Hu; Vi, 01) \FZT/) Ei; po; 0, o) + op(1).

=1 ZGIZ

For consistency of the variance estimator, note

[&(Z, i, 01, 1) — 0] = [$(Z, o, v, @0) — 00]* + [$(E, Fiv, 21, &1) — (E, o, 10, a0)]”
+ [0 — 00)° — 2[(E, 1, 71, @) — ¥ (E, o, vo, @0)] [0 — 0]
+ 2[¢(Z, fu, v, Qr) — Y (E, pos vo, 20) ] [Y(E, po, vo, a) — o]

—2[0, — 60] [/(Z, o, vo, @) — o]

and by the above argument and 0, = 0o + op(1),

~ 1 & _
n= Z [¥(E, o, vo, ) — 90]2 +op(1) = Yo + op(1).

A.4.1 Auxiliary lemmas

For reference later, I state a condition:

Condition SA-1. x¢, < Xe+1.m for £ = 0,1, log(K,)/log(n) = O(1), and x1.n(kn/wn)w 20/(20+1) |
(2¢-1)/(2¢+1) _ — o(1).

DnX2,n + Xon/ (n*1og Kp) + X0,nwn
Notations Write n = G(X) — V where V = E[G(X)|D, Z]. For sequences an,by, an S by
indicates that there exists a fixed constant C' > 0 such that a,, < Cb,, where C' does not dependent
on n. For a function f, df(D,V) = df(D,V)/0VT. For £ = 1,2, || - ||¢ is the f-norm in Euclidean
spaces. || - ||z2 is the L?(P)-norm.

Using cross-fitting, I compute expectations conditional on observations not in I;. Thus, I treat

(fur, 7y, @) as if fixed when computing expectations. To save space, I write E[- |If] = E;[-] and drop



the subscript ! from fi;, 7, &, Rj; when the risk of confusion is small. O

Lemma SA-5. Under Assumptions 7-10 and Condition SA-1,
Ei[Ry + Ro] = Op (@n( nfwn)w2/EFD Lo & ) Ei[R?] = op(1), and E;[R3] = op(1).

Proof. Since Ry = Bl(ﬁl (D, Z)) — Bo(V), Lemma SA-8 implies E;[R?] = op(1). For Ry,

<

Ry = ao(D,V)[Y — 1i(D, V)] — ap(D, V)e

+[0B(V) = ao(D, V)IR(D, V)][G(X) = V] = [0B0(V) — ao(D, V)dpo(D, V)]
= [ao(D, V) = ao(D, V)] + ao(D, V) [uo(D, V) = (D, V)]

+[0B(V) = 90(V)n — [ao(D, V) = ao(D, V)]0f(D, V)

+[0B(V) — ao(D, V)OR(D, V][V — V] — ao(D, V)[OE(D, V) — dpo(D, V)]n.

By the assumption, E[e?|D, Z|], ap, Ouo, 050 and E[||n||3| D, Z] are all bounded and « is Lipschitz

continuous. Thus,

El[Rg] S ||/V\_ VOH%,? + / |ﬁ(d7 I//\(d, Z)) - IUO(da VO(d> Z))IQdFDZ(da Z)
" / 10(B((d, 2)) — Bo(vo(d, 2))}|BdFpz(d, 2)

+XTnll7 = vl + / 10{7(d, (d, 2)) = po(d, vo(d, 2))}|3dFpz(d, 2) = op(1)

where I used Lemmas SA-8 and SA-18.
For Ry + Ra, note E[e|D, Z] = 0 by Lemma SA-3. Then,

B[Ry + Ra) = Ey[—fo(V) + ao(D, V)uo(D, V)] + Ei[B(V) — ao(D, V)(D, V)] (S5-2)

+ Eil{ao(D, V) = ao(D, V) Huo(D, V) = (D, V)}] (8-3)
— Ei{ao(D, V) = ao(D, V)}i(D, V){V — V}] (S-4)
+ Ei[ao(D, V){i(D, V) = il(D, V) = Ofi(D, V)(V = V)}] (S-5)
~B[B(V) = B(V) = 9B(V){V - V}]. (S-6)



The right-hand side of (S-2) equals zero as E[ag(D,V)u(D,V)] = E[m(Z, u, )] for any p €
L*(Fpy); E[Du(D, V) /PID = 1|V]] = E[u(1, V)] and E[(1 — D)u(D, V))/P[D = 0[V]] = E[n.(0, V)].
For (S-3), the Cauchy-Schwartz inequality and Lemma SA-8 imply it is Op(@y, (kn/ wn)w%/ (26+1) ).
For (S-4), Lemma SA-18 implies it is Op(x1,@2).
For (S-5), write dF(t, z) = ag(t, vo(t, 2))dFpz(t, z). By Taylor expansion, for 5 € [0,1] (depen-
dent on (t, 2)),

25 sv(t, 2 —3)v(t, 2 -
(55) = [[nt.2) = o0, 2)y LA IEL =IO () — 50,20 2

< 50%q(t,v)/0v,0vp|||D — 1|2 = O 22).
S P ) S p'0%q(t,v)/Ov 0y |||V — 1o|72 = Op(X2,n@;,)

An analogous argument shows (S-6) = Op(x2,,02). O
Lemma SA-6. Under Assumptions 7-10 and Condition SA-1, Ej[R3] = 0 and E;[R3] = op(1).

Proof. Recall

Ry = a(D,V)e+[0p0(V) — a(D,V)0uo(D, V)In

—ao(D,V)e +[060(V) — ao(D, V)Ipo(D, V).
Using E[e|D, V] = 0 and E[n|D, V] = 0, E;[R3] = 0 almost surely. Also,
R3 S |a(D,V) — (D, V)PPe? + [a(D, V) — ao(D, V) [*|0po (D, V)|

and E;[R3] = op(1) follows from ||@ — apl|z2 = op(1) and boundedness of E[e?|D, Z], duo, and

E[||nl3|D, Z]. O

Lemma SA-7. Under Assumptions 7-10 and Condition SA-1,
Ey[Ra] = Op (X0 X205, + (i fwn) wnt/ ®HV), and  By[R]] = op(1).

Proof. Note

~ ~ ~ ~

Ry = [a(D,V) — ao(D,V)][Y — (D, V)] - [6(D, V) — ao(D, V)]Of(D, V)|G(X) — V] — Rs.

10



By Lemma SA-18, supy, |7i(d, v)| + supy, [@(d,v)| = Op(x0,n). Then,

Ei[(Rs + R3)*] S / A, (L, 2)) — aolt,w(t, 2))PdFpz(t, 2)[1 + Xon + X1.0)>
+ 117 = vol22[1 + xom + X1n)

Thus, from Lemma SA-6, E;[R2] = op(1) holds. For the expectation, note E;[R3] = 0 and

~

Ei[Ry] = By [{&(D,V) — ao(D, V) H{E(D, V) — i(D, V) — 0f(D, V)(V - V)}]
+E[{a(D, V) — ao(D, V) Hpo(D, V) — (D, V)}]

~

< (sup[a(d,v)| + C)E[[(D, V) = i(D, V) = 9D, V)(V = V)]

+ E[{@(D, V) — ao(D, V)Y]E[{uo(D, V) — (D, V)}2]

where the first equality uses E[e|D, Z] = 0 and E[n|D, Z] = 0. Using sup,, |a(d,v)| = Op(xo0,n),

calculations similar to those in Lemma SA-5 imply Ei[R4] = Op(X0nX2.n@2 + (Kn /wn)QwiC/ (ZCH)).
]
Convergence rates of Lasso estimators
Lemma SA-8. Suppose Assumptions 7-10 and SA-1 hold. For s € {0,1},
/ ‘ﬁ(s, U(t, z)) — po(s,vo(t, z))‘2dFDZ(t, z) = Op((nn/wn)zwff/(xﬂ)),
/ ‘ﬁ(ta /V\(ta Z)) - :U’O(ta VO(t7 Z)) ‘2dFDZ(t7 Z) = OP((Hn/wn)2wi</(2<+l)),
/ @t (1, 2)) — a(t, volt, 2)) | 2dFpz(t, 2) = Op (s fion) i/ CHD)
0 (~, -~
/ | o s, 9(¢,2)) = o, vt 2) || dFpz(t,2) = 0z (1).
]

Proof. First define some notations. Let so = |Cwy, 2/ (QCH)J and let p be a vector as defined in the

11



assumption 10 for s = sg. Then,
1P = Pll5 < Csg™ < Cunt/BHh), (8-7)
Let Jy be the indices of nonzero elements of p. Note |Jy| = s¢. Also, define

px € arg min {(p —0)"Q>p - p) + 2w, Z ’Pj‘}
p je{1,...2K, \Jo

and J, to be the set of indices of nonzero elements of p,.
Below I prove the first display in the statement of the lemma. The second and the third displays

follow from identical arguments. By adding and subtracting fi(s, vo(t, 2)) = q(s, vo(t, 2)) P,

/ A5, D¢, 2)) — po(s, volt, 2))PdFpz(t, 2)

< 2/ |7i(s,D(t, 2)) — Fi(s, v0(t, 2)) | dFp(t, 2) +2/ |7i(s,v) — po(s, v)|*dFy (v)

and for the first term after the inequality, Assumption 8 and Lemma SA-18 below imply

[ (ats.7(t.2) = a(s.v0(t, )Y 9 dFpt. )

_10q(s,v)
T

2 2
<sup||p / Hl/)(d, z) — vp(d, z)HQdFDZ(d, z) = O]p(w,%).
v 2

By the triangle inequality,

(s, ) = po(s, Mz < (s, ) = plals, e + lpsals.) = pTals, ez + 197 a(s, ) — po(s, )2

where ||p"q(s,-) — po(s, )|z = o(n~'/*) by Assumption 10. Let

12



Since the largest eigenvalue of E[p(V)p(V)T] is uniformly bounded,

la(s. )T (B = polll72 = (= p)TQU) (B = px) < Cllp = psll3 = Op (e fwn) i/ V)

where the last equality uses Lemma SA-17 below. Also, Lemmas SA-12 and SA-17 below imply

lg(s, )T (pe = P)|22 < Coant/ P Then,

17 — ol 2 = OP<(ﬁn/wn)w34/(2c+1)) +o(n~1/).
O
Lemmas for Lasso estimators I use some of lemmas in CNS and Bradic et al. (2022). For ease
of reference, I collect them here.
Lemma SA-9 (Lemma A2 CNS). Under Assumptions 9-10, (p — p«)TQ(p — ps) < Clnt/&H).
Lemma SA-10 (Lemma A3 CNS). Under Assumptions 9-10, #|J,| < Clp 2/ 2HY.

Lemma SA-11 (Lemma C1 Bradic et al. (2022)). Consider a € RP such that ||a — bs|la < Cs™"
for any s > 0, where C,r > 0 are constants and by = argminy, | <, |la — vl|2 where || - [|o is the
number of non-zero elements of the argument. If r > 1/2 and s > 2, then |la — bs|l; < Ds'/277

where D > 0 is a constant depending only on C and r.
I establish additional lemmas to characterize the convergence rates of the Lasso estimators.
Lemma SA-12. Under Assumptions 9-10, ||p. — pll2 < Cw/ T gng lpx — pll2 < Clu2e/ D).

Proof. Let Ji = JoUJ, and note that |[(p«) 5, l2 = [[(p)ll2; lp.n]l2 = [[2]l2- Then, 0 = [|(p«=p) s¢ll2 <

3||(psx — p) g, ||2 trivially holds. Lemma SA-10 implies #|.J1| < Cloy /), By Assumption 9,
9. = I3 < Clon — 7Yps — 7) < 2C(ps — ) Ups — p) +2C(F - P25 — )

and the last two terms can be bounded by C’wff/ (2¢+1) by Lemma SA-9 and (S-7).
For the other conclusion, ||ps — pll2 < |lps — Bll2 + |17 — pll2 < Cwr/ PHY. O

Lemma SA-13. If Assumptions 9-10 hold, then ||p. — p||1 < Cu{Z /(D)
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Proof. By ||p — pll2 < Cs~¢ and using the argument of Lemma SA-11,
Ipsglh < Csg/ ™ < CwX=D/@D,
el < <
Let J1 = Jo U Jx and note that J{ C J{ and Jy C J§. Then,

(o) g — Pl = llpsglle < llpagll-

By Lemma SA-10, #|J1| < #|J«| + #|Jo| < Clon 2/ 10 < Cwn® D Therefore,

s = pllt = ll(p) .y — P llt + [(px)ae — paells < o)y — prilln + gl
< VH# I (p) gy = Bayll2 + Cw@e=D/@HD

< Cw VD 1y = pll2 + CwF—1/ (D)

< CL(-1/CCH)

where the last inequality follows from Lemma SA-12. O
Lemma SA-14. If Assumptions 9-10 hold, ||p||1 and ||p«||1 are uniformly bounded.

Proof. If max;<j<ak, |p1| < C holds, then the conclusion follows by Lemma SA-11 since ||p|l; <
|p—0b2ll1 4 ||b2||1 < C where by is as defined in Lemma SA-11 and by has only two non-zero elements

which are the two largest elements of p.

Now to show maxi<i<ak, |1l < C, note [|(ps).. 2 < 3[|(ps) .

2 = Hp*HQa and thus, ||(p*)J$ 2-
Using Assumption 10,

pips < CplQp. < C

where the last equality holds because E[|q(D, V)T (p — ps)|?] = o(1) by Lemma SA-9, and by p
being coefficients of least squares projection, E[|q(D, V)T p|?] < E[uo(D,V)?] < co. Since L? norm
of p, is uniformly bounded, maxi<j<ok, [p«| < C. By Lemma SA-13, ||p. — plli = o(1) and
maxi<j<2k, |pi| < C follows.

By the triangle inequality, ||p«[l1 < [|px — pll1 + [|plli < C also holds. O

14



Lemma SA-15. Assumptions 7, 9, and 10 hold. If Xo,nw£2<*1)/(2<+1> = o(1), then |q(t,v)Tp.| is

uniformly bounded.

Proof. By Lemma SA-13, sup, |q(t,v)"p« — q(t,v)Tp| < C'ngnw,(fcfl)/(xﬂ) = o(1), and by As-
sumption 10, sup, |po(t, v) — q(t,v)"p| = o(1). Since po is bounded by the hypothesis, the desired
result holds. O

Given a vector A € R, let ||Al|oo = maxj<j<z |a|. Also, define M* = E[q(D, Z)Y].

Lemma SA-16. Suppose Assumptions 7-10 hold. If log(K,)/log(n) = O(1), xon < Xin, and

Xon/(n'/*log Ky) + XO,nwr(zQC_l)/(QC—i_l) =o(1), then

120, — Qpulloc = Op(wn), MY — M|l = Op(wp).

Proof. 1 first prove || M4 — M#||o = Op(wy). Let ME =n=' 3", ¢(D;, Vi)Y;. With X = ¢(D, V),

Y =Y, and s = 4, Lemma SA-19 implies

_ log(K.
|MH — M*|o = Op <X0n0g<n)> _

vn

It remains to bound || ME — MY|so.

L 1 -
M5 = Moo = | max |3 [a(Di, Vi) — a(Di, Vi)]Y:
1=
o) || 1, =
<C — Vi — Vill1]Ysl-
< 1<lgﬁ?§1<v>S%pH 90, WW;H i — Vil1|Yil

and

1/2

E[IIME — M) < Cx1n = Op (x1.00n)

/ 1Pt 2) — volt, 2) | 3dFp (t, 2)E[Y?]

where the expectation is conditional on observations used to estimate 7,, which are independent

of the observations used to form the sum.

Now consider Q,p,. Let Q, = n~* S 1 a(Di, Vi)g(D;i, Vi)T. By Lemma SA-15, ¢(D,V)Tp, is

15



uniformly bounded, and thus, with X = ¢(D,V) and Y = ¢(D, V)" p,, Lemma SA-19 implies

= nl K,
12002 — Qpulloc = O ("g()> .

vn

Now,

Qps — O <
HQnP* an*Hoo > 1§rln§a2);<

1 ~
EZ qi DMV _QZ<DZ7V):|Q(D’L7‘/1>TP

ZQZ D’L)‘/; Dqu)_Q(Dz,V;)]

1<l<2Kn
Ip(v) 5 T
<C 72 Vi — Vil |a(Ds, Vi
- 1<egld%$(v)sgp‘ Ovy o i3 v lHl}q( o p*]
op(v) T
C N V,-V; D;,V;
R Sl > USR]

The first term of the right-hand side is Op(w,,) using the argument for ]\7# . For the other term,
llp«]|1 < C by Lemma SA-14 and

s TLZE:!Hf Villa(Di, VO)I| < | mase B{|Vi = Vilhlau(Di, Vi)
+omas nva Vil la(De Vo) - [||vi—viul|ql<Di,vz->|]'

where the expectations are conditional on the observations used to construct 7, and the result

follows from Lemma SA-20 and E[||V; — Vi|1|a/(Ds, Vi)|] < CA/E[||V; — Vil12] = Op(@y,). O

Lemma SA-17. Suppose Assumptions 7-10, log(K,)/ log(n) = O(1), Xom < X1.n, and Xo.n/(n'/*log K,)+

Xo, 2T/ o(1). Then,

17— pell = Op (0 ) D/CHD) 15— gy = Op (s )2/ 34D

Proof. The result follows from the arguments of Lemma A6 of CNS and Lemma B7 of Bradic et al.

(2022). O

Lemma SA-18. Suppose Assumptions 7-10, log(K,)/log(n) = O(1), Xom < X1.n, and Xo.n/(n'/*log K,)+

16



XO,an(L2471)/(2§+1) =o0(1). Then,

2l = Op(1),

and for f € {ji,a},

sup |f(d, v)| = Op(xon),  sup[|0f(d,v)/00T |1 = Op(x1n).

d,v d,v

Proof. The first result follows from Lemmas SA-14 and SA-17 since

1Pl < o= pelln + lloslla-
The second result follows from the first since 9fi(d, v) /OvT = pTdq(d,v)/OvT and ||0g(d,v)/OvT||1 =
O(X1,n)- O

The following uniform convergence rate result builds on Lemma B.1 of Cattaneo et al. (2013).
Lemma SA-19. Let (Xj1,...,Xip,Y;) be i.i.d. across i and I write X; = (X;1,. .. ,Xip)T. For
some positive sequence S, Maxi<i<n1<;j<p | Xij| < Sn, E[Y?|X] < C, E[Y?®] < oo for some s > 2,
maxlgjgp]E[ij] < C, and s,/n'?>7/5(logp)~1/? = o(1). Letting Z;j = X;;V; — B[X,;Yi],

=Op< bi(mmax{l’% log(p) }>+0(§nn—<s—1)/5).

nl—2/s

1 n
w2

=1

max
1<j<p

Proof. Let 7, = n'/* and Yj, = Y;1{|V;| < 7.}

n n
Pr[ZXUYZ- =+ ZXinm for some ‘7} < Pr[ max |Y;| > Tn:|

=1 =1

I

N
Il
—

< Pr[\Yi] > Tn]

<R[V 1{|Y] > 7 }] 7 M* = o(1).
For the difference in the expectations,

[ELX;Yi) — E[Xy Yl | € QEIY[{Y] > 7] < oy CDEYL{]Y] > )] = o(gun™(=1/5),

17



Now let Z;jn, = X;;Yin — E[X;Yin] and for any ¢ > 0,

max
1<5j<p

Z Zij| >

Jenlmfige
+ 11{ max [EX,YL{Y] > 7.}]] > c}
<<

Z Zzyn

+ 1{gnn—<s—1>/8E[|Y|sn{|Y\ > )] > c}.

> c} +Pr[ZXUY # ZXUYm for some j
i=1

< Pr| max
1<5<p

> c} +0o(1)

Thus, the desired result follows if maxi<j<p |+ Y1 | Zijn| = Op(0,) with

o =] 080 S Jlee®) |
n nl—2/s

Note E[Z7;,] < 2E[X}Y?] = 2E[XZE[Y?|X;]] < CE[X]] < C. Since maxici<n |[Zijn| < 27nn,

ign

Bernstein’s inequality implies that for any M > 0,

yn

Z szn

> nQnM>

n(onM)?/16 >

C+ Tn§nMQn/6

max
1<5<p

p n
> 0On ) < ZPr(
j=1 i=1

< 2exp <log(p) -

Now, suppose lim sup,, ﬁfﬁ%ﬁi) < 00. Then, g, = O(y/log(p)/n), and

n(e.M)*/16 Mlog(p)/16
P ( - C+ TngnQnM/6) = oxp < - CM~1! + TnSn\/ IOg(p)/n/6>

< exp (= Mlog(p)/(C + 1))

where the last inequality uses 7,,5,+/log(p)/n < C.

Next, if lim inf,, gillfig;/f) > 0, then o, = O(g, log(p)/nl’l/s) and

n(enM)*/16 1\ _ M} log(p)*/16n! 2/
_ w [ —
exp C + TnsnonM/6 ) — P CM~1 +¢2log(p)/6nt=2/s

B B M log(p)/16
= exp < Cnl=2/s /(M log(p)s2) + 1/6>

< exp (= M log(p)/(C +1))

18



where the last inequality uses lim sup,, !2‘11;7;{;) = (liminf, %gzsg)) ! < 0o. Thus, for both cases,

by taking M large enough,

n

%Z Zijn

Pr < max
=1

1<5<p

> gnM> = o(1).

For general cases, arguing along subsequences and using the above two cases lead to the desired

result. O

Lemma SA-20. Suppose Assumptions 7-8 hold. If &y (log(Ky) + xon) = O(1), then

~ log(K,,) .
D;,V; i — Vi D;, Vi)ll| = — nWn
Jpa nZHV Villla:(Ds, V)| = E[[V; = Vil lau( V)H| OH»( - +><o,w)

where the expectations are computed conditional on observations used to estimate U,, which are

independent of the observations used to form the sample mean.

Proof. The argument is analogous to the one for Lemma SA-19. In the notation of the lemma,
Y, = ||XA/1-—V;H1, Xij = 1qj(Ds, V;)|. Let 7, = Cn'/2%, for some large C' > 0, and nE[H‘Z—VZH%]T,;Z =
C~20p(1). Also, Ellq;(Ds, Vi)[[IVi—Vilh 1{|Vi=Vill1 > 7}] < Xontn. Letting Zijn = X;;V;1{|Vi| <

2

)} —E[X;,;Yi1{|Y;] < 7}, E[Z2,] < CXo ,Op(©2). Then, with C large enough, E| < CX(Q),nwn

n l]n]

occurs with probability close to one. On this event,

log () ( M Log ()16 )
o/ < 4 1 Kn -
n )‘ oxp | loel >cM&@+MM1%@Umm

< 4exp ( - log(Kn)) =o0(1)

Z szn

Pr max
1<j<2K,

where the last equality holds if M and n are sufficiently large. O

A.5 Flexible parametric estimation

Recall the setup

0(d) = E[E[Y|D = d, V]|

E[Y|D7 V] = A(p(D, V)/’YO)
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E[G(X)|D, Z] = Q(D, Z)do.

Define the regression residuals e = Y —E[Y|D, V], n = G(X)—E[G(X)|D, Z]. I impose the following

conditions.
Condition SA-2. Let 3 = (6,7) and N = {5 : |6 — do|| V [|[7 — Yoll < n} for some n > 0.
(i) {Y(d):deD} L (D, Z)|X*.

(ii) A is strictly monotone and twice continuously differentiable with bounded derivatives, and p

is continuously differentiable in V.

(iii) The matrices Ty = E[A(p(D, V) ~)p(D,V)p(D,V)], T1 = E[Q(D,Z)Q(D,Z)] are non-
singular where A denotes the first derivative of A.

(iv) Efsupgen [{Y —A(p(D, Q(D, 2)8)'v)}p(D, Q(D, Z)d)|1%], Elsupgen |Q(D, Z) (X -Q(D, Z)8)|?],
Elsupge [AP(D, Q(D, 2)8)'y)[?], Elsupgey (D, Q(D, Z)d)p(D,Q(D, Z)d)'||], and
Efsupgen [Y — Ap(D, Q(D, 2)8)1)I{llp(D, Q(D, 2))|| + 1}|| “PF2A2Q(D, )] are all
finite.

Theorem SA-1. Under Assumption SA-2, the flexible parametric estimator satisfies
Vi (8(d) — 6(d)) ~~ Normal(0, ¥(d))
where
¥ (d) = Var[A(p(d, V) 70) — 0(d) + c1(d)T5 PA(P'y0)e + {e1(d)T5 ' T3 + e2(d)} T Q'¢]
P=pD,V),Q=Q(D,Z), and

c1(d) = E[A(p(d, V) v0)p(d, V)]

ex(d) = E[Ap(d, VY2017 2287 ]

oV’
op(D,V) Q} ‘

_ A / 2 /
Ly = —E[IA(P0) P2

In addition, the variance estimator in the main paper is consistent for U(d).
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A.5.1 Proof

In the sequel, I refer to Newey and McFadden (1994) as NM. Note that ;5\,1 —p &g follows from
standard arguments. Using Lemma 2.4 of NM, one can show 7, —p v and §n(d) —p 0(d). Then,

asymptotic normality follows from Theorem 6.1 of NM where the moment function is

Q(D,Z)(X = Q(D, 2)9)
{Y = A(p(D,Q(D, 2)8)7)}A(p(D, Q(D, Z)8)v)p(D., Q(D, Z))
A(p(d, Q(D, Z)5)"y) — 0

The derivative of this moment condition with respect to (4,7, 3) is

—Q(D,2)Q(D, Z) 0 0
(pl(Y’D’Z’(S?,y) @2(Y)D’Z’57’Y) O
A(p(d, Q(D, 2)8)'~)y ELD20) (D, 7)  A(p(d, Q(D, Z2)6)7)p(d, Q(D, Z)8)' —1

where

01(Y, D, 2,8,7) =[{Y — A(p(D,Q(D, 2)6)')}A(p(D, Q(D, Z)8)"7) — |A(p(D, Q(D, 2)8)'7)[]
,0p(D,Q(D, Z)9)
v’

+{Y = A(p(D,Q(D, Z)5)'7)}A(p(D, Q(D, Z)5)')

xp(D,Q(D, Z)b)y Q(D, 2)
Op(D,Q(D, Z)9)

ov’

Q(D’ Z)?

WQ(Y’ D, Z, 5’ ’Y) = [{Y - A(p(D, Q(D’ Z)(;)”y)}A(p(D, Q(D7 Z)é)/’y) - ’A(p(D, Q(Dv Z)é)/’}/)f]

x p(D,Q(D, Z)d)p(D,Q(D, Z)é)’,

and A is the second derivatives of A. By the formula given in NM, the asymptotic linear represen-
tation of gn(d) is
~ 1 & ,
Vi(On(d) = 0(d) == > {A(p(d. V)'70) = 0(d)}
i=1

n D;, Z;)' ¢
- Jlﬁ > GGy Q(. ¢ +op(1)
i—1 p(D;, Vi)A(p(Ds, Vi) v0)ei
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where

Gz = | E[A(p(d, V)'90) 0% ZE2Q(D, Z)]  E[A(p(d, V)v0)p(d, V)]

and
Elp1(Y, D, Z,0,7%)] Elpa(Y, D, Z, 60,70)]

G =
Using the block matrix inverse formula,

Q(Di, Z;) ¢

p(Ds, Vi) A(p(Ds, Vi)' v0)ei

— E[A(p(d, V)0)7 2%

— GGy

ov'!
+E[A(p(d, V) 0)p(d, V)IE[|A(p(D, V) 70)|*p(D, V)p(D, V)| p(Dy, Vi) A(p(Di, Vi) 7o)

Q(D, 2)|EIQ(D, 2)Q(D, 2)]'Q(Z:, Di) ¢

+ E[A(p(d, V) v0)p(d, V) E[A(p(D, V) 70)|*p(D, V)p(D, V)| ' E[1(Y, D, Z, 50, 70)]

x B[Q(D, 2)Q(D, 2)]*Q(Zi, D;) ¢.

Consistency of the variance estimator follows from repeated applications of Lemma 4.3 of NM. [

B Multi-valued treatment variables

In the main paper, I use estimation of grade retention effects as a running example, in which the
treatment variable of interest is binary. Here, I discuss how the assumptions for Theorem 1 change

with multi-valued treatment.

Replacing d € {0,1} with d € D = supp(D), Assumptions 1, 2, 3, and 5 remain unchanged. For

Assumption 4, the condition is modified as:

Condition SA-3. Let X = supp(X) and U = {fx|pz(z|D,Z) : x € X'}. The conditional support

of U given D = d, supp(V|D = d), equals the marginal support supp(0) for almost all d € D.

Recall that the support of a random element in L2()\), say 4, can be defined as

supp(U) = {z € L*(\) : P[4 € O,] >0 for any open O, containing z}
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where L?()) is equipped with the norm topology.

The formal assumption above may not be intuitive, but it is the same type of restriction as to
the common support condition in the control function literature (e.g., Imbens and Newey, 2009,
Assumption 2). Similar to the binary treatment case discussed in the main paper, Assumption
SA-3 essentially imposes that the conditional distribution of the proxy given (D, Z) satisfy some

index restrictions: there exist fixed functions f, such that

fX\DZ(X|Dﬂz) = f(Xvw(D7Z)) a.s.

Then, Assumption SA-3 holds if for each d € supp(D), supp(¢(D, Z)|D = d) = supp(¢(D, Z)).
To give an example where Assumption SA-3 holds, consider the following random coefficient
model

D =mZi+ s

where the excluded variable Z = (Z1, Z)7 is two-dimensional and 7 = (11,72)" may be correlated
with X*, causing the endogeneity issue. Assume Z 1 (X* 7)) ie., Z is an instrument for D.!
Then, the conditional distribution of X* given (D, Z) = (d, z) is determined by the index ¢ (d, z) =
(d/z1,22/71) (for simplicity, Z; = 0 is a probability zero event). Then, under Assumption 2,
the index restriction holds. Now, Assumption SA-3 holds if for each d € supp(D) and (d, z) €
supp(D, Z), there exists Z € supp(Z|D = d) such that (d/z1,20/21) = (d/21, 22/ 7).

Two points should be noted. First, the above example again requires the large support of
Z, analogous to the existing literature of control function methods. Secondly, the above random
coefficient model cannot be handled using the existing control function methods, such as Imbens

and Newey (2009), because the first-stage equation is not invertible in the unobserved heterogeneity.

C Comparison with proximal control/proxy control approaches

My identifying assumptions are closely related to those used by Deaner (2018); Miao et al. (2018),
and some comparison may be warranted. I focus on their results using the outcome equation, and

I refer to them as integral equation approaches, to contrast with my control function approach. 1

'Even with the availability of valid instruments, causal effects might not be identified with existing approaches if
the outcome of interest is a non-separable function of X™*.
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should note that Deaner (2018) also developed a method based on re-weighting of the outcome vari-
able, which is related to the integral equation approach but does not exactly fit into the discussion
that follows.

Both my method and the integral equation approach impose Assumptions 1, 2, and 3. The
main difference is Assumption SA-3. In the integral equation approach, instead of Assumption

SA-3, the identifying assumptions are:

Condition SA-4. Let D = supp(D). Given d € D, define the operator
g : L*(Fx|p=q) = L*(Fzp=q), Ha(h)(z) =E[R(X)|D =d,Z = 2]

Assume this linear operator I1g is compact, and denote the singular values by {m;q}j>1 and associ-
ated singular-value functions {vjq}j>1 C LQ(FX|D:d), {ujati=1 C LZ(FZ|D:d). See Theorem 15.16
of Kress (2014). Write mj(d) = m; 4, vj(d,x) = vja(x), and uj(d, z) = u;q(z). Assume

Z Wj(ld)QE[E[Y|D7Z]Uj(D, Z)‘D = d}Q < 00.

J=1

Condition SA-5. For any b € L?*(Fx+) and d € D, P[EB(X*)|D,Z] = 0|D = d] = 1 implies
E[b(X™)|D] = 0 with probability one.

Assumption SA-5 is a weak version of a completeness condition. For reference, a standard com-

pleteness conditional on D is

Condition SA-6. For any b € L*(Fx+) and d € D, Pr[E[b(X*)|D,Z] = 0|D = d] = 1 implies

b(X*) = 0 with probability one.

Since this completeness implies Assumption SA-5, I refer to the latter as a weak version of com-
pleteness.

Deaner (2018) used a standard completeness condition rather than Assumption SA-5. Miao
et al. (2018) similarly imposed a standard completeness condition on X given (D, Z). Yet, for the
integral equation approach, the weak version of Assumption SA-5 suffices for the identification of

the average structural functions (and its conditional version given D).?

2An anonymous referee pointed out this sufficiency of the weak version of completeness conditions. They also
proved and shared a version of Lemma SA-21 in a report. I thank them for very helpful feedback.
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The following result shows that Assumption SA-5 follows from the assumptions imposed by the

control function method.

Lemma SA-21. Suppose Assumptions 2-3, the index restriction (3) in the main paper, and As-
sumption SA-3 hold. Suppose also that there is a measurable selection from the set {z € supp(Z|D =
d) : ¢(d,z) = v} for each (d,v) € supp(D, (D, Z)). Then, Assumption SA-5 holds.

Proof. As shown in the proof of Theorem 1,

Lxpz(@"|1D. Z) Ly (Ixipz(ID.2) N
fx(z%) _H< fx () >( )

for some fixed mapping IIf. By the hypothesis, for each d € D, there exists a measurable mapping
s :D x supp(¥(D, Z)) — supp(Z|D = d) such that

fX\DZ(x|D7Z) _ f(:E,I/J(CZ,S(w(D,Z), )))

fx(z) o Fx(z) Vo st fx(z) >0

holds almost surely. Then,

fxepz(@*|D, Z) = fx-pz(z*|d, s(¥(D, Z),d))  Va* st fx«(z*) >0

with probability one. Now, suppose that with Fz p—; probability one,

0= Ep(X*)|D =+, 2] = / b(a*) fxe 1z (|t Z)dA (7). (S-8)

Then, [b(x *)fx+\pz(x*|D, Z)dx* = 0 holds with probability one; otherwise,

075/ ) fx+pz(2”|D, Z)dx” :/b(x*)fX*|DZ(x*|t75(¢(DvZ)vt))d)‘*(x*)

with some positive probability. That is, there exists a positive probability set A C supp(Z|D = t)

such that

/b(x*)fX*|DZ(a:*|t,z)d)\*(x*) #0 Vze A

but this contradicts the hypothesis (S-8). Therefore, if [ b(x *)fx+pz(x*[t, Z)dx* = 0 holds with

Fzp— probability one, then E[b(X*)|D] = 0 almost surely follows. O
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The hypothesis of the existence of a measurable selection may be deemed as a mild regularity
condition as smoothness of (d, z) — 1(d, z) implies such condition.

Given the above result, the main difference in the control function approach and the integral
equation approach is Assumption 4 versus Assumption SA-4. This is indeed the key distinction
because of the two results in the next section. First, I show that one can achieve the identification
by replacing Assumption 4 with Assumption SA-5 and a high-level condition that is analogous to
Assumption SA-4. Second, I show that in some model, Assumption SA-4 fails while Assumptions

1-4 hold.

C.1 Replacing the common support condition

As in Lemma SA-3, under Assumptions 1-5 and {Y(d) : d € D} 1L (D, Z)|X*,
E[Y|D = d, 7] = Zf-lE DIX16,(0)] [ fripzleld, 2)¢i(2)ir(e).
Suppose we impose the following condition
1
> SERY (d)| X (X)) < oo, (5-9)

which is analogous to Assumption SA-4. With this condition imposed, the infinite sum and the

integral with respect to x in the above display can be interchanged to obtain

o0

E[Y\Dzd,Z]=/<Z 7 'E[E[Y ()| X *]6;(X)]p; (= ))fXDZ(x’dvz)d)‘(x)

j=1

= E[%B(d, X)|D = d, Z]

where the function B is what Miao et al. (2018) calls a bridge function. With Assumption SA-5,
the ASF can be identified via E[%B(d, X)]. Note that the above identification argument did not use
Assumption 4 and thus (S-9) can replace Assumption 4 (along with Assumption SA-5) to achieve
the identification. Yet, as discussed in the main paper, verifying a high-level condition like (S-9)

seems difficult in practice.
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C.2 Counterexample

I show that the high-level condition of the integral equation (Assumption SA-4) fails to hold in the

following simple example.

Y =1{5D > X*}, X=X*"+U,, Z=X"+U,
where
X* o? 00,
~ Normal , ’ wodp ,
D 0 TL04p 0021

(X*,D) L (U,,U,), Uy L U,, and Uy, U, each follows a standard normal distribution. We have

ZpD (1-p*oz+1  (1-p*)oF

(X, Z)|D ~ Normal ,
ZepD (1=pMo;  (1—p*o;+1

g4

In the notation of Assumption SA-4, we can take (see e.g., Carrasco et al., 2007)

. 2 2 pd L= \!
(d,2) = —=He;( —oal” (d) = [P
ui(d2) = e]((l—p2>ag+1>’ () <<1—p2>o§+1)

A-p)es o, mi(d) = ¢.

where Hej(-) is the jth order Hermite polynomial. For reference, let ¢ = 077220
For the outcome, note
X" 1 00 X* 0 o2 opoqp 02
D =10 10 D ~ Normal 0 || oroqp afl O204p
A 1 01 U, 0 o2 ogoqp 0241

and X*|D, Z ~ Normal(%D +¢Z,s). Thus,

E[Y|D, Z] = @(\2[5 _ %]D _ ﬁZ) = (3D — \/<Z).

Computing inner products

Z‘”) dz = /@(a + b + bot)He;(t)g(t)dt.

/<I>(a +bz)He; <z;“> ol < -
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For j > 1, using integration by part,

/ (@ + bi) He;(t)o(t)dt = —2(a + bt) H ejfl(t)aﬁ(t)(io +b / $(d + bt)Hej_1 (1) (t)dt
_ %eXp (2(Eji 1)) /exp ( @ ;L 1) (t N Zﬂaj 1)2>Hej_1(t)dt

where I used that (Hej 1(z) exp(—2?/2)) = (—1)He;(z) exp(—z?/2).

Now for some constants v > 1,6,

2 , 'y—1>j/2 ( ~ )
=4/ —(=1) | —— He; 6,/ —— ).
’Y( ) ( g ’ -1

Putting all together, with pg = 2= pd, s2=(1-p*ol+1

E[E[Y|D, Zlujs1 (D, Z)|D = d] = \/JT/ (Bd — /e2) Hem(z : ) (Z_Md>

~ g () (7)1 (42
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where i@ = (8 — \/sZ=p)d, b= —/s(1 = p?)o2 + 5,

5= 7d[6 - \ﬁaxp/ad]\ﬁ'

=¢l(1-pMo2+1+1=(1-p>o2+1, and
v =<l =p7)og +1] (1= p%)o; T 2011

Asymptotics Using (8.22.8) in Szeg6 (1975, p.200),

T(L+1) oy : g
me /42‘7/2H€j($) = COS (37\/ ¥ + 1/2 — 2)
+ v’ (2j +1)""?sin <x\/j +1/2— j”) +0G™h
122 2
for j € N. Then, for infinitely many n € N, for some constants ¢y, co > 0,
(2n)! 1 v—1\"
E|\E[Y|D, Zluspi1(D, Z)|D = d| >
[ [Y'|D, Z]uzn41( )| ] Cln!2n @n+ 1) ~
—_ 1\ — n
o2+ 1)1 (2n — 1) (’y 1)
(2n)! Y
_ 2n — D (v —1\"
— e(om o 1112, [ €
c1(2n+1) @ 5

> co(2n + 1)1/ 2p /4 (T)

where n!! denotes the double factorial of n, the second and third equality use (2n)! = (2n)!!(2n —
I =nl2™"(2n — 1)!1, and the last inequality follows from results on Wallis’ integrals. Then,

1 [(y—1\"
Tan () PE[BIY 1D, Zhuizns (D, 2)|D = d]} > en™¥2 - (77>

and if (y — 1)/y > ¢2, Assumption SA-4 fails. Since (7 —1)/y = ¢ and by ¢ < 1, Assumption SA-4

fails.

C.2.1 Verifying conditions for the control function method

I verify Assumptions 1-6 for the above model. Note Y (d) = 1{8d > X*} so Assumption 1 Y (d) 1L
(D, Z)|X* trivially holds. Assumption 2 holds as U, L (X*, D,U,). Assumption 3 follows from
the completeness property of exponential families (see e.g., Newey and Powell, 2003). Assumption

5 can be verified using the normality assumption. For Assumption 6, letting 8 = % and
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9\ 2
¢ = % X|D, Z ~ Normal(BD + <Z,< + 1), and ¥(d, 2) = Bd + ¢z satisfies (3) in the main

paper. Choosing G(z) = x will do for Assumption 6. Now, Assumption SA-3 follows from the joint

normality of (Z, D) combined with fx|pz(z|d, 2) = ¢((x — (d, 2))*/v/s +1)/v/s + 1 where ¢(-) is

the density of standard normal.
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